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EXERCISE-I (MHT CET LEVEL)

@ Q9
Obviously, therelation is not reflexive and transitive
but itissymmetric, because x2 +y?=1=y?+x*=1. Q.10
(2) Since Risan equivalencerelation on set A,
therefore(a, a) e Rforal 3¢ A . Hence, Rhasat least
n ordered pairs. Q.11
@

Clearly, the relation is symmetric but it is neither
reflexivenor transitive.

@

SinceRisreflexiverelaionon A, therefore (a,a) € Rfor
dlaecA.

The minimum number of ordered pairsin Risn.
Hence, m>n.

Q.12

12

(1,1)(2,2)(3,3)(4,4) c R; .- Risreflexive.

-+ (1,2)(3,1)andadso (2, 1)(1, 3).

Hence, Rissymmetric. But clearly Risnot transitive.

@
For any integer n, wehave n|n=nRn

So, nRnforal ne Z = Risreflexive Q.13

Now 2|6 but 6+2,= (2,6) c g but (6,2) ¢ R
So, Risnot symmetric.
Let (mn)eR and (n,p) e R

(mn)eR=m|n
Then (np)eR=nlp
So, Ristransitive.

Hence, R is reflexive and transitive but it is not
Ssymmetric.

}:mlp:(m,p)eR

@

Forany 3 < N ,wefindthat ala, therefore Risreflexive
but R is not transitive, because arp does not imply
that bRa -

©)

It is obvious.

©)

It is obvious.
(DA={24,6}; B={2,35
- Ax Bcontains 3x3=9 elements.
Hence, number of relationsfromAtoB _ 9.

4

Total number of reflexive relations in a set with n
elements _ on.
Therefore, total number of reflexivereation set with 4
elements _ 4.

)

1+E+£
X+2x+5 T x 'y

f(x) =

x2+x+1 11
1+X+X2

f(0)=1 & f(-0)=1

.. many one function

if f(X) > 0 = x?+x+1——> 0which

isfalseasx?+x+1=001xeR

. into function.

@
We have to choose two functions which are Bijective
and mirror image abouty = 0i.e. about x-axis.

A

L~
(0, 1)

(_l= O)

©.-1)

v

Let:f:R—> Rsuchthat—x+y=1
iey=x+1

f(x) =y =x + 1lisone-oneaswell asonto.

Alsog:R— Rsuchthat x—-y=1
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Q.14
Q.15
Q.16
Q.17
Q.18
Q.19
Q.20
Q.21
Q.22

Q.23

Q.24

Q.25

iey=—-x-1

g(x) =y =—x—1isone-oneaswell asonto.

f(x) =x+1andg(x) =—x—1areimageabout liney =0

From given condition, h(x) =f(x) + g(x)
h(x)=x+1-x-1=0
h(x)=0

which shows that h(x) is neither one-one nor onto

.. Option (4) iscorrect Answer.

(€)

@

@

@

@

©)

@

@)

(€)

FRORA00= 5% L= omd o
ARG (X)_ X2+l = (_X)_ X2+l - (X)

f(x) iseven that'swhy many-one.

x? —
= = yx2+y=x%2-4
X% +1 y y
y+4
2 —
=X =10y >0
+ - +
I I
—4 1
y+4
= y-1 <0
©yel[4,1)

Range= Co-Domain = into

(2) Width of both interval is same, which can mapped
by these function y=1-x and y =1+ x.

@

Let xq,X» €R, then f(Xq) =cosxy, f(X,)=co0sX5,
o f(xy) =f(xz)

= C0SX1 =CO0SXp => X1 =2Nm+ X,

= Xq # X5, SO itisnot one-one.

Againthevalueof f-imageof x liesinbetween—1to 1
= f[R] = {f (x):—1< f(x) <1)}

So other numbers of co-domain (besides—1 and 1) is

not f-image. f[R] eR, so it isalso not onto. So this
mapping is neither one-one nor onto.

@
We have f(x) = (x-1)(x—2)(x - 3)
and f()=f(2)=f(3)=0

= f(x) isnot one-one.

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

For each y eR, there exists x ¢R such that

f(x) =y . Thereforef isonto.

Hence f : R — R isonto but not one-one.

@

f(-)=f1)=1;

- function is many-one function. Obviously, f is not
onto so f is neither one-one nor onto.

@
Let X,y €N such that f(x)="f(y)

Then f(x):f(y):>x2+x+1=y2+y+1

= X-Y)X+y+1])=0=>x=y or
x=(-y-1) N
.. fisone-one.

Again, sincefor each y e N, thereexist x e N
.. fisonto.

)
f:N—>I
f=0f(2=-Lf(=LFf(4)=-2f(5)=2

and f (6) = -3 soon.

In this type of function every element of set A has
uniqueimagein set B and thereisno element left in set
B. Hencef is one-one and onto function.

@

— 1+ (—/3)? < (sinx —+/3c0sx) < y1+ (—/3)?
-2< (sinx—\/§cosx) <2

—-2+1< (sinx—\/§cosx+1) <2+1

—1<(sinx—+/3cosx +1) <3 i.e,range =[-1, 3
.. For ftobeonto S=[-1, 3]

@

Let f(x) =f(x2) =[x =[x2]1= X1 =X>
{Forexample, if x =1.4,x,=15,then [14]=[1.5] =1}

. fisnot one-one.

Also, f isnot onto asitsrange | (set of integers) isa
proper subset of its co-domain R.

@

It is obvious.

Mut Cer COMPENDIUM




Q32 (1)
(f-9)(x) ={

Q33
() = SinB(sind + sin30)

X, X €Q
-X, X ¢Q

Relations and Functions

f(2x) = 2(2x)+ | 2x |= 4x+ 2| x|,
f(—Xx) =—2x+|-X |z =2x+| x|,
f(x)=2x+|x| = f(2X) +f(-x)-f(X)

=4X+ 2| X |+ ]|X|-2x —2x—| X |

f(0) = sin?0 + sind (3sind —4sin®0) Q39 (2
f(0) = sin?0 + 3sin?0 —4sin*0 ,
£(0) = 4sin?d —4sin0 = 4.sin?0 (1—sinco) g(x) =L+ +/x and f (g(x)) = 3+ 2Vx +x ()
=4 1sin% cos’0
f(6) = (sin20)? . = L) =3+ 2/x +x
~1<sn20<1 = sin20<1 Put _ 12
f(0) =sin220 < 1forall red 0 Lex =y = x=(y-1
= f(0)>0foral rea 6 then, f(y)=3+2(y-1)+(y-1? =2+y?
. Option (3) iscorrect Answer.
therefore, f (x) = 2+ x2.
Q34 Q40 (2
X +59 X
3f(x)+2f(—j=10x+30 f(x)=
R vy
For x =7, 3f(7)+ 2f (12) = 70+ 30 =100
For x =11, 3f (11 + 2f (7) =140 X
N 2 X
(0 _10) 1 _ o, (fof )(x)= 22X - =
-20 -220 9-4 ' \/1+ X \/2X +1
1+ x?
Q3
f(a alla-1) a° @) X
f(a+l) (a+d/a a2-1 : Jox2 41 X
(fofof )(x) = = :\/1+3X2
Q36 @ \/1+2
The given expression is 2x°+1
) o1 2 2 Q41 (2
cosllogx®)cosliogy >‘§{C°S'°9T°°S'°g—z} fof () | 09 when 9 is rationa
~ |1-f(x); when f(x) isirrational
—lcos(lo 241 2 2_ 2]
= gx“ +logy“)+cos(logx“ —logy“) ) )
2 [ x ;whenxisrational .
1l X2 ) ) " |1-(@-x); when x isirrational
-3 coslog7+cos(logx —logy“)
- Q42 (2
[ b s x2 Wehaveg (-3)=0
=—| coslogx“y —coslog7 _ =f(9(-3))=f(0)=7(0)>+0-8=-8
L .. fog(-3)=-8
g(9)=92+4=85 =f(g(9)) =f (85)
Q37 (@ =8(85) +3=683
.. fog (9) =683
x3f(1j2x3{i3+%+§+4} f(0)=7.0°+0-8=-8
X X7 x= X =9(f(0)=9(-8)=|-8|=8
2 3 .. gof (0)=8
=4+3x+3x°+4x7 =f(x) - f(6)=4(6) +5=29
Q38 (2 =g(f(6)) =g(29) = (29)2 + 4=845
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= gof (6) =845

(—1)2x _ X _x
Q43 (2 PutOL:_l(—l)x+x+1_—x+x+1_
Giventhat f(x) = (a—xm)' o =1
- fof (x) =[a—{ (a—xn)Ym} r]¥n
=[a—(a—x"]*" Q52 (2
=[xn]¥n=x
044 (& () =1+{x}; H{g()} = H1+{x}} =f (k) =1
Q45 (1) where, k =1+{x} 1<k <2
Q46 (2 053 (1)
(fog)(x) =f(g(x)) =a(cx+d)+b a1 1
and (gof )(x) = g(f (x)) = c(ax + b) + d D) =(=x) a1 (=) 1o =f(x)
Given that, (fog)(x) = (gof )(x) andat a=1b=2 @ f(-x)=—f(x)
= cx +d+2=cx +2c+d = c=1land disarbitrary. @A f(=x)=-f(x)
Q47 (@ Lo
@)= —x =-f(x)
o &) 1-a |
F(F () = af(x) X+l a?x Hence (1) isan even function
f(x)+1 (Lerl) ax+x+1
x+1 Qs (@)
Df(x)= \/1—x +x2 —\/1+ x +x2 ==f(x)
a?.x

= a1 ™ X((0+)x+1-a?) =0

1+a*
@ f(=9)=(=x) (n] =f(x)

or (a+)x%+(@1-a?)x=0.

Thisshould hold for al x. 3)f(0=l0g [11+ ij
+ X
:>a+1=0,1—a2=0, Sooa=-1. (@) (x) =k (even)
Q48 (4
Here f(2) = > Q55 (3
4 f(x)=0vxe R=f(3)-f(2)=0

2% 241 Q86 @ B )

Hence (fof)(2) = f (f (2)) = f@ At \(Ne S?S/% ;3? (=x) = flg(x)] = f-g(x)]
3,2 =flg()] (- fiseven)

Q.49 @ =fog (x) = VxeR
. .. fogisan even function.
(gof )(x) =|sinx | and f (x) = sin?x

= Q(SiHZX)=|sinx|; g(x):&_

_ nil/n _ nyil/n _ Q57 (1
QS0 @ fIreol=[a~{f(Of"F" =fa-(@-x")" = x. f(x) =3x2—4x +8log(1+x]) ; x € [0,1]

Q51 (@ f(—x) =3x2+ 4x + 8log(1+ |X|) ; X € [-1, O]
( ox J .. Option (1) iscorrect Answer.
al =22
(0= 1100 =1 2] =X Q58 (2
x+1 X +1 f(x)=2x6+3x4+4x2
o2 f(=x) = 2(-x)® +3(-x)* + 4(-x)% = f (x)
But F(f(x))=x - X+ x+1 X = f(x) isan even function and derivative of an even

function is always odd.
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Q5 @

f(x) = log(x +Vx2 +1)

and f (—x) = —log(x + v x2 +1) =F(X)
f(x) isodd function.

Q60 (2
X—>X+2
(i) f(x+3)+f(x+5)=2
Hf(x+1)+f(x+3)=2
(i)=(@)=f(x+1)=f(x+5)
f(x+1)=f((x+1)+4)
HenceT=4

Q61 (1
f(x) = e +sinr [X]
periodof {x} =x—[x] is1
T
Also Period of sint [X] is m =1
L.CMof(1,1)is1
-, Option (A) iscorrect Answer.
Q62
sin@ +sin260
cos6 + cos260

N

(%)

Zcos[ )cos(gj
2
od = 2%
Hence period = 3
Q63 (4

tan0 isof period n so that tan 36 is of period /3.

Q64 (4
f(x) = cos(ax) + sinbx
cosax isperiodic with period = 2rt/a
sinbx is periodic with period = 2r/b
1 [275 275}
2 L.C.M of b

Option (1), (2), (3) are correct
". Option (4) iscorrect Answer.

Q65 (2
f(X) =2(x—[x] +sn?t(X—[X])
X —[x] isperiodic with period 1

MATHEMATICS

Q.66

Q.67

Q.68

Q.69

Q.70

Relations and Functions

sin?rt (x—{x]) isperiodic with period 1
f(x) isperiodic with period 1
. Option (2) iscorrect Answer.

@

f(x) = sinx+tanx +sgn (x2—6x+10)
{ 2 {

LCM..T=2n 2r, 2n

©)

Let f(x) beperiodic with period T.
Then, f(x+T)=f(x) foral x eR
= X+T—-[x+T]=x-[x],foral x cR
= X+ T-xX=[x+T]-[X]

= [X+T]-[X]=T foral x eR
=T=1,2,3,4

The smallest value of T satisfying

f(x+T)=f(x)foral x eRis1.
Hencef (x) = x —[x] hasperiod 1.

©)
X f(x)

.. Domainof f1(x)
=rangeof f(x)
={-1,0,7, 26}
©)

B eZX _1
=&

iLet e =t

y= 1:>ty+y—t—
y+l_,
:1—y

y+1 y+1
:éxzﬁ = 2x=log H

1 1+x
=f1(x)= Elog T_x

@
1-x

Letf(x) =y. Then Tox y
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Q.71
Q.72
Q.73

Q.74

Q.75

Q.76

1-
Thus, f 71(X) = F))i

Clearly, f1(x) isdefinedfor 1+ x = 0
Hence, domain of f_l(X) is R—{—l}

S

@

2

From given statement, following combinations may be
generated as —

f(x) =1,f(y) =1, f(2) =2 one-onenot exist
f(y) =2,f(2) = 2, f(x) =3 one-onenot exist
f(y) =3,f(2) = 2, f(x) =3 one-onenot exist
f(2) =1, f(x) =2, f(y) =1 one-onenot exist
f(2) =3, f(y) = 1, f(X) =2 one-one mapping
Hence, f4(1) =y

.. Option (2) iscorrect Answer.

@

Given f :(2,3) = (0,2) and f (x) = x —[X]

f()=y=x-2x=y+2=fH(y)=f 1(x) =x+2
©)

It is direct consequence of the definition.
@
A =N x N Binary operation * isdefined as
(ab)* (c,d)=(a+cb+d)
(@ Now (c,d) * (a,b)=(c+a d+b)=(a+c,b+d)
=(a,b)* (c,d)
=(ab)*(c,d)=(c,d)* (ab)
.. Thisoperation * iscommutative
(b) Next (a, b)* [(c,d)* (e f)]
=(@ab)* (c+ted+f)=((a+tcte), (b+d+f))and
[(ab)* (c,d)]* (ef)
=(a+c,b+d)* (¢ f)=((a+c+eb+d+f))
=(ab)*[(c,d)* (e ] =[(ab)* (cd)]*
(ef)
.. The binary operation given is associative
(c) Anéemente=(c,,e,) € Awill beanidentify element
for the operation it
a*e=a=e*aVvVa=(a,a)cA
e (a te,a,+e)=(a,8)=(e +3,6,+a)
Which is not true for any element therefore e.
| dentity element does not exists.

4
©)

Q79

Q80 (4)
Q8L (2
Q82 (4
Q83 (2
Q84 (I
Q8 (3
Q86 (4)
Q87

A binary operation* on {a, b} isafunctionform {a,b}
x{a b} —{a b}

i.e, * isafunctionform

{(aa), (abh), (b.a), (bb)} —{a b}

Hence, the total number of bianry oporations on the
set{a, b} is2*i.e16

EXERCISE-1l (JEE MAIN LEVEL)

Q1
Reflexiverdation: aRa
but identity relationisy=x:x e A&y e A
0 <R
Q2 (2
R={(12),(23)}
for Reflexive: aRa
for symmetric:aRb = bRa
for transitive:aRb,bRc = aRc
So elementsto be added
{(1L1),(22,373).(21).32),(13).(3 1}
Q3

Since x<y,y<z=x<zvXYy,zeN

- XRy,yRz= xRz , Relationistransitive,

does not give,
Relation isnot symmetric.
Since doesnat hold, hencerelationisnot reflexive.

Q4 (2
Let (ab)e R

Then, (a,b)e R= (b,a) e R, [By def. of g-1]

= (b,a)e R, ["R=R™]
So, Rissymmetric.

Q5 (¥
Since(1,1) ¢ R 0, isnot reflexive.
Now (1,2) < R but (2,1) , therefore Risnot
symmetric Clearly Ristransitive.

Q6 (¥
It is obvious.
Q7 (3

GivenA={1,2,3,4}
R={(1,3),(4.2),(2,4).(2,3),(3, 1}
(2,3) e Rbut (3, 2) ¢ R. HenceRisnot
symmetric.

Mut Cer COMPENDIUM




QS8

Q.9

Q.10

Q.U

Q.12

Q.13

MATHEMATICS

Risnot reflexiveas(1,1) ¢ R.
Risnotafunctionas(2,4) e Rand (2,3) e R
Risnottransitiveas(1,3) e Rand(3,1) e R
but(1,1) ¢ R
@
Sincel+aa=1+a%>0,vaeS,.. (@aeR
.. Risreflexive.
Also(a,b)e R = 1+ab >0
= 1+ba>0=>0aeR,
. Rissymmetric.
~(@b)e R and (b,c)e R need not imply

(a c)e R. Hence, Risnot transitive.

@
A={3,6,9,12}
(i) -+ 3R3,6R6,9R9, 12R12 0 Risreflexive.
(i) - 6R12but 12 K 6 so Risnot symmetric.
(iii) Also there are not pairsfor whom transitivity fails.
3R6 & 6R12 = 3R12
Ristransitive.

@

XRx : Asword x hasall letters common with itself, so
reflexive.

(i) xRy = yRx sosymmetric

(i) xRy, yRz = xRz

Ex. (OX.Box) e R & (Box, Bird) e R

but (OX, Bird) ¢ R, so not transitive.

3

S={(X,y):y=x+1& 0<x<2}
HereSisnotreflexiveas(x, x) : x =x+ lisfase.
Hence Sis not equivalence

& T={(x,y):x-yisaninteger}

Now (X,X):x—x=0isaninteger soreflexive.
& (XRy) = (YRX) sosymmetric

& (XRy) & (YRz) = (xRz) istransitive.
HenceRisequivalence.

4)

SinceAc A. -. Reation 'c' isreflexive.

Since AcB, BcC=AcC

Relation 'c'istransitive.

But AcB, =Bc A, .. Relationisnot
symmetric.

@

Le A={1,23} andR={(1,1),(1,2},S={(22) (2, 3)} be
transitive relations on A.

ThenRU S={(1,1);(1,2); (2,2); (2, 3)}
Obviously, RuU Sisnot transitive. Since(1,2) € Ru

Sand (2,3)e RuS but(1,3) ¢ RUS.

Q.14

Q.15

Q.16

Q.17

Q.18

Relations and Functions

4

On the set N of natural
R={(x,y):x,y € N,2x +y = 41} .Since
21+1=3=41.50,Risnot reflexive.
(1,39) e Rbut (39,1) ¢ R . So Risnot symmetric (20,
D

(1,39 ¢ R .But (20,39) ¢ R, SORisnot transitive.

numbers,
L) e Ras

@)

Forany 3 < R,Wehave a > a, Thereforetherelation R
isreflexive but it is not symmetric as (2, 1) < g but
(14, 2) ¢ R. Therelation Ristransitive also, because
(ab)e R (b,c)e R implythat 3 >p and p > cwhichis

turnimply that > ¢.
@

1
P:apbiff |a—b|s§

1
Reflexive:apb:[0—g < E (True)

Symmetric:apb = bpa

1 1
la=bl< 5 = lb-a< 3 (Trug

Transitive:apb:bpa = apc

1 1
—bl< = |b=c|l< =
la b|—2,|b CI—2

la—cl< =
L

SO not transitive

G

f:A>B

f(A) =areaof A, (A € A)

Areaof Awill be ssmefor different sides combination

|
1
1
1
1
1
!

(d
1
1
u|

o f(x) =f(y) butx 2y
.. Itismany one mapping

It will also be onto mapping
.. Given function is many-one onto mapping
&)
We have to check for every option
For (1): f(x)=[x+1];X € [-1,»)
X+1=x+1
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Q.19

» Q.20
) — 4w Q.21
For one-one
fx)=f(y)=>x+1=y+1
= x=y forx e [-1, «)
option (1) isInjective

FOF(Z):g(X)=X+%;Xe(O,oo)
If g(x) =9a(y)
1 1

:x+;_y+y

1 1
= (x-y)+ X7y =0

y—X
= (X=y)+ 7y =0
= (x- y)[ 1] =0

= x—yandxy—l:to
= X*-1#0= x=%1
Butx € (0, )

- -
0 1 — +w
Hence option (2) must-not be Injective
For (3): h(x)=x?>+4x-5; x € (0, x)
If h(X)=h(y) > x2+4x—-5=y?+4y -5
= (X=y) (x+y) +(x-y).4=0
= (x-y) (x+y+4)=0
= X=yandx+y+4=0
= X %2
Butx € (0, )
", Option (3) must belnjective
For (4) : k(xX) =€ ; x € [0, )
Ifk(X) =k(y) > e*=¢?
=-X=-y
= x=y forxe]0,x)
.. Option (4) isInjective
". Correct optionis(2)

Q.22

Q.23

@
Sincethefunction f ishijective, therefore f
isonto. Therefore range of f=B.

let y=—x"+6x—8
= X*—6x+(8+y)=0

_ 6+./36-4(8+y) 6+.4-4y
a 2 a 2

Forxtobereal, 4—4y>0= y<1

. B=rangeof F = (—,1]

@
©)
Given R—-{2}
R-{1}

I\)‘w

f:A>B; f(x)—

For one-one: f(x) = f(y)
x-3 _y-3

T x-2"y-2

=>x-3)(y-2=(y-3)(x-2)
=>Xy—-3y—2X+6=xy—3Xx—-2y+6
= X=y

i.e. f(x) isone-one mapping

xX—-3
Foronto:y= ~_2 = X-3=yx-2y

2
=2y-3=x(y-1)
2y-3
= X= y—l
2y-3 _3
3 y-1 _ 2y-3-3y+3
f(x)‘ ) 2y 2T 2y—3-2y+2
y-—
fx)=y

i.e, f(x) isonto mapping
*. Option (1), (2) and (3) are correct Answer.

1.2
f:[-1,1]—[0,2]

f (X) =ax+b — onto
.. range=codomain
checking options

@

fi[2,0)>Y

f(x) =x2—4x+5

f(x)=(x—-2)2+1

For given domain by graph rangeis[1, «)

»
»

-1 01 2 3

For function to be onto codomainy =[1, «)
@

4a—
f(x)=

7
x3+(@-3)x>+x+5
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7 1
Case—l:azz x<of(x):GX+6*X:6X+6—XzZ
5 Many-one into
f(x):—z X2+x+5
Q27 (3

Which can't be one-one

2 2
7 . . _x°-4 _xX=-4
Case—Z:a;tZ 1‘.R—>R,f(x)—7x2+l =f(-x)= Zi1 =f(x)
f(x) = (da—T7) X2+ 2(a—3) x + 1 f(x) iseven that'swhy many-one.
D<0 X2 _ 4
= 4(a—3)2—4(4a-7)<0 y=— 1 = yx?+y=x2-4
— @-6a+9-4a+7<0 o
= &-10a+16<0 ,_y+4
- (a-8)(a-2)<0 .. 2<a<8 = x=97, 20
Q25 (3 + _ +
fi(e0) >R } }
f(X) =¢n(/n(/nx)) —4 1
/nx y+4
= V1 <0 Lyel[4,1
1 7’/ Range = Co-Domain = into
R Q28 (3
We haveto find value of f(A).
Simply wecan putA=xat x = /6
andA =xat n/3inf(x)
iz)(fr;(o:oo A=xax=n/6
0</n(fnx)<w f(A) = f(n/6) = cosn/6 — 1t/6(1+1/6)
—o</n(/n(/nx) <o _\/g n (1+£j
it B 7_ 6 6
/ A=xax=n/3
s . f(A) =f(n/3) = cosn/3—n/3(1+ /3)
1 =
‘ =573 1+ n/3)
Range = Co-domain onto Hencef(A) inn/6<x<m/3is
Let/nt=u
Let nx=t;te (1,) {%—%(1+n/3),§—%(1+n/6)
/nt e (0, )
tnu beO) .. Option (3) iscorrect Answer.
1 / Q.29  Letf(n) =2"for all positiveintegersn
| . u Now, forn=1
‘ ( f(1)=2=2!
=itistrueforn=1
one-one Againletf(k) istrue

= f (k) =2¢for somek e N

Againf (k+1) =f (k) . f(1) (by definition)

Q2 (4 = 2%, 2 (frominduction assumption)
f:R—>R:f(x)=6+6H =2t ,

Therefore, the result is true for n = k + 1. Hence by

principle of mathematical induction.

x>0 f(x)=2.6* 0.2 fn=2'ne N

Hence, one-one onto

MATHEMATICS 9




Relations and Functions

Q.30

Q.31

Q.32

Q.33

Now 2.1 (@+K) = D@t =f() 2.2°
k=1 k=1 k=1

2(2" -1)
2-1
=22, 2(2'—1) = 221 (27— 1)

=f ().

n
But kZlf<a+ K) =16 (20—1)=24. 201

Therefore. a+1=4=a=3

@
ax—c
cx-a

f(x) = =y

ay-c
)= oy a

ax—cCc

a| —-C
CX—a
ax—cCc

Cc —a
CX—a

a’x—ac—c?x+ac
acx—c?—acx+a

4

2
f(x) =cos {n—;} X+sin {%} X; —

f(x) = cos4x —sin 5x
f(0)=1

3 = COs

ERE

f(n)=1

4)

f() =x—1]

f(x3) = [x2—1|and fA(x) = [x — 12
= f(x?) #f4x)

f(x+y)=x+y-1]and f(x) +f(y) = |x-1|+]y-1|

= f(x+y) = f(x) +1(y)
f(IxD =[x - 1| and f()| = [Ix— 1]

@

f(n] 4n  Bn f3-1

Q.34

Q.35

Q.36

Q.37

(1) f(x) =sinx+cos™x,x € [-1, 1] and g(x) = g,x eR <ol

f(x) = g X e [-1,1] and g(X) = g,x € RNorv-identical

functions

(2) f(x) =tanm™x + cot*x and g(x) = g ,XeR
T s . .
f(x) = E’X e Randg(x) = 2 ,X € Rldentical functions

(3) f(x) = sec™x + cosecx and g(x) = g ,XeR
Tc n . .
f9= -, K e[1,%) adg() = - ,x e RNor-identica

functions

@

1 1999 .
{E + m} =[0.5+0.995] =1 : (first thousand terms

1 . 1000 | _
> 5000 |7 [05+05]=1
will beequal to 0)

(L+1+ +1) 1000

1000times

)
f(x) =sgn[x +1]
=1 if[x+1]>0

=[x]>-1 .. x>0 16—

=0 if[x+1]=0
=[x]=-1.. -1<x<0
=-1if[x+1]<0
=>[x]<-1 .. x<-1

@)
f(x) =2sin?0 + 4 cos(x + 0) Sinx.sind + cos (2x+20)
f(x) = cos2x

T 2| X _x i
:f(Z—XJ:cos 2 =sin2x = f3(x)+ f2

@)
Z— integer
f(x) =ax®+hbx+c

Mut Cer COMPENDIUM




Q.38

Q.39

Q.40

Q.41

Q.42

f(0)=cel
f()=a+b+c=1

Domain Co-domain

) G

f(1)—f(O)=a+bel

(€)
(1) e'™)/2 and [y = D, € (0,0) ; D, € [0, )
Domain are not same so not identical
(2) tan (tan x) and cot™ (cot x)
Domain are not same so non identical
(3) cos’x + sin“x and sinx + cos’x
= XeR&Xxe R Ildentica
@ 44
f(x) = cos(/nx) Q.
f(x) . f(y) =cos(/nx) . cos(¢ny)

Q.43

X

f (;) +f(xy) =cos(/nx—/¢ny) +cos(/nx+/ny)

L (%) . f(y) - % (f(gj + f(xy)j =cos(/nx) cos(/n

1 Q.45
y) - 3 [2 cos(¢nx) cos(/ny) =0

@
D) yew L [x2)
X% =X+ g = <) —2

1
Replacex + - =t, where|t|> 2

L) =t2-2,]t|>2

©)

f(1)=1=2-1

f(n+1)=2f(n)+1

~f(Q=2f(1) +1=2.1+1=3=22-1
f(3)=7=28-1

f(4)=15=2*-1

Similarly f(n)=2"-1

Q.46

2

Method 1:

(usual but lengthy)

x2f(x)+f(l-x)=2x-x* .. @)
replacex by (1—x) inequation (1)
(1—xPfF(1—x)+f(x)=2(1-X) —(1—x)*.....(2)
eliminatef(1—x) by equation (1) and (2)

Q.47

MATHEMATICS 11

Relations and Functions

we get

f(x)=1-x2

Method 2:

Since R.H.S. is polynomial of 4™ degree and also by
optionsconsider f(x) =ax?+bx +c

x2f(x) +f(1—x) =2x—x*

= x?(@ax?+bx+c)+a(l-x)?+b(1l-x)+c=2x—x*
by comparing coefficients

a=-1

b=0

c=1

) =—x2+1

©)

y=2[x] +3andy=3[x—2]

2[x] +3=3[x] -6

= [X]=9=>x¢€[9,10)

Ly=21

s [x+y]=30

4
y=f(x)

x+1 =x2 =
f X —x+X2 (x=0)

X+1 — 1 ? = y2
f <) = X+; 2= f(x)=x*-2

)

f(x) wherexe[0, 1]

f(/n(1—x?))where0</n(1-x?)<1
1<1-x2<e
0<—x?<e-1
0>x2>1-e

(i) x=0

(i xe (o, —J1-elvl{i-e.®)

\2 \2
Imaginary numbersasl<e

p >

=xe{0}

©)

Domainof f(g(x))

Range of g(x) = Domain of f(x)
= —-5<|2x+5|<7

= 0<[2x+5|<7

= —7<2x+5<7

= —12<2x<2

= —-6<x<1




Relations and Functions

Q.48

Q.49
Q.50

Q.51

cx+d
fof(x) = C(ax+bj+d

a(ax+bj+b Q.52

cx+d

a®x +ab +bex + bd
acx + bc + cdx + d?

fof(x) =

(a® +bc)x +(ab+bd)
(ac +cd)x + (bc +d?) ~

fof(x) =

on comparing coefficient of both side (& + bc) x + (ab Q.53

+ bd) = (ac + cd) X+ (bc + d?) x

&+bc=bc+d? =a=dora=-d
and ab+bd=0 =>b=0ora=-d
and ac+cd=0 =>c=0ora=-d

which can be simultaneously truefor a=—-d

@

F(x) = ax+b
cx+d
ax+b
+b )
{cx+d} a“x+ab+bex+bd
fof (x) = 5
{ax+b} acx+bc+cdx+d
c +d
cx+d

= (ac+dc) x>+ (bc+ d°—bc—a®) x
—ab—bd =0,vxe R
= (a+d)c=0,d*-~a’=0and (a+d)b=0

=a+d=0

@

@

f(g(x,) =f(g(x,))

= g(x)=9(x,)

as fisone- onefunction
= X=X,

as gisone - onefunction
hencef(g(x,)) =f(g(x,)

= X=X,

= f(g(x)) isone- onefunction
©)

f(g(x)) = cot™ (2x—x?)
—0<2X—%x2<1

But domain of f(x) isR*
0<2x—x%<1

T T
— >cott(2x—x?) = —
=2 ( )24

@
-1 x<0

g(x>:1+x—[x]f(x>:{‘f x-2

= f(X) =sgnx
flo()] = f(1+x—[x]) = sgn (1+x —[X])

=sgn(1+{x}) =1
{

positive

)

f10,1]1—>1[1,2] g:[1,2]—>[0,1]
f(x)=1+x

g(x)=2-x

gof(x) =g[f(x)] =g(1+x) =2—(1+x) =1-X
Linear polynomial thats why one-one onto.

@

_XHIx|_ X X >0; g(x)=x*>,x>0
M0="27 510 ; x<0;gx)=x x<0
gx) ; x=0
x2 :x=0

gof =g[f(x)] = |g(0) ; x<O
0 ; Xx<0
f(x?) ; x>0
= = x2 x>0
= fog(x) =f[g(x)] 00 x20
0 ; x<0

= fog(x) = gof(x).

@
f:[-20,20] >R

2

X
f(x) = {?} Sinx + cosx

sncef(—x) =f(x)

x| X2 |
(=sinx) + cosx = 3 |Sinx+cosx

a
or |3 snx=0 N snx=0
sinx =0 But N #0 or N =0

X x? .
If a :O.Itmeans? must be +ve fractiona

Mut Cer COMPENDIUM
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Relations and Functions

number less than unity

2
i.e.a— value greater than x _ Xt (x7) B _
- i f(x) = >+ ta X f (X2) giventhat f(—x) =f(x) ....(1)
If {—} # 0. It means, value of X is1 )
a a ~ —xf (x°) _
. ae (400, ) (=5 i x 1100 =f(=x)==f(x) ..(2

- Option (2) is correct Answer. When both conditions are there only one possibility

Q5 (2 istherewhenf(x) =0 = f(10)=0

f(x)=log [

1+ sinx] Q60 (3

1-sinx x2 11

g(x)=x3+tanx+

o9 =1 (1—sinx] I [1+sinx] -
-x)=log | T, =-log | 1 ¢; =—f(x ;
+sinx sinx g(—x):(—x)3+tan(—x)+(_X)P ‘1

odd function

2
g(—x)=—x3—tanx+X 1
Q57 @) g(x) + g(—x) = 0 because g(x) isaodd function
Let f : R— R beafunction defined by
2 2
£(%) X—m ..{x3+tanx+xp+1:| +{—x3—tanx+xp+l}:0
X) =
X—N

Forany (X,¥) € R

2(x? +1 x?+1
Let f(X)=f(y) :>—( )=0:>OS—P <1
X—m y-m because X €[-2,2]
X—Nn y-n

= O£E<1:> P>5,
-.fisone—one Leta € R such that f(X) =« P

X—m .61 3
Soa=——=(X—Na=X-m Q ®)
X=n f(x)= sin\f[a].x
= Xa—No=X—Mm 2n
= Xa—-X=ha—-m sin /[a] .x isPeriodic with Period ﬁ
= X(a-1) =na—m )
T
. —_— =TT -_— —_
N —m o = J[a]=2 = [a =4= a=5
x =& ,fora =1L, x¢ R Jal Vial
a-1 ae[4,5]
So, fis not onto. .. option (3) iscorrect Answer.
Q58 (9 Q62 (3
1 f(x) =sec(sinx)
fx)=[x]+ = ,xel Since sin x is a periodic function with fundamental
2 period 2r. f(x) hasaperiod 2r
1 1 1 for fundamental period
fEO=[x]+ 5 =-x]-1+ 5 =~ [[X]+§j ==f(x) f(x + ) = sec (sin ( + X)) = sec (~sinx) = sec (SN x) =f(x)

i T
odd function f[x + E] #f(x) hencefundamental periodisn

Q59 @

MATHEMATICS 13




Relations and Functions

Q63 4

- Q68 (1
f(x)=sin (\/[? X) We have to check for every options as :
2% 1-x
Period="f7 = For(l):y=1
— = 1-X=y+yX
[Al=4=ac[4,5) = 1—y=x(1+y)
Q64 (1) _1-y
f(x) =x +a—[x+b] +sin nx + cos 2nx + Sin (3nX) + COS = Xx= 1+y
(4nx) + ........ +8in(2n—1)r + cos(2px) _ which shows functions is inverse of itself.
f(x)={x +b} +a—b+sin(mx) + cos (2nx) +sin (3nx) + . Option (1) iscorrect Answer.
co§(4nx) +....+8n(2n-1) + cos(2nnx) For (2) : y =5 = logy = logx log5
Period of f(X) =L.CM = |ogx = |og5y
w22 2 2 22 = X= oy
T3 g "2n-1"2n which isnot inverse of itself.
. periodof f(x) =2 Similarly for C; y = 2¥-
sincef(1+Xx) = f(x) , hence fundamental periodis2
065 (3 logy =x (x—1) log2
logy =x(x—1)

which certainly not show inverse of itself

f(x)=sin z [x] + cos ™ +cos z [X]
T4 2 3 .. Only option (1) iscorrect Answer.

Q69 (1
o, Q70 (1
5 e
4 1 eX+e
By compnendo and dividendo
IfO<x<1ltheny=0
1+y  2eX 1+y
1 T, S = 2x=£n(—j
= 1- 1—

If1<x<2theny NG y 2 y
If2<x <3theny=1 1 1+y

1 = X= Efn H
If3<x<4theny= 75

\/E 1 1+x
If4<x<5theny=0 f—l(x)zgfn 1-x
Period 8/4/6 = Lcm=24

Q71 (3
Q66 (3 X
f(x) =x(2-x); f(x +2) =f(x) = period=2 f)=x-{5
Q67 (1) for thegiven domain (2, 4)
fO)=x+(-1y* X
f {x+1 ;X eodd natural number [E} will beequal to 1;
X) = .
®)=1x-1 ; X € even natural number soy=f(x)=x—1 = x=y+1= F)=x+1
y=f(x) Qe @ o
y—1: ye odd natural number Grestest integer function defined as[x] < xforal x € R.
X= . then
y+1 ; Yy eeven natural number
1 1 1 2
x—1; xe odd natural number 5 7000 11 | 2 1000 | e

9= {x +1 ; X eeven natural number
- f(x) isinversetoitself

14 Mut Cer COMPENDIUM




£+ 999
+15% 1000 (999 term)

U DO O
1.6. 2" 1000 + 2" 1000 Tt
1,49] [1, 50
+ 2" 1000 + 2" 1000 L

1999
+ |5t
[2 1000}

First 499 terms, each will be zero and remaining 500

Relations and Functions

Replacing x by x+2 in equation (i), we get
f(x+2) +f(x +6) =f(x +4) +f(x +8) ... (ii)
Adding (i) & (i) f(x) =f(x +8)
f(5)=f(13)=10

f(13)=f(21)=10

f (805) =10

ff (5+8r) =f(13) +f(21) + ... + f(805)

r=1

=10+10+...100times. =10 x 100=1000.

termswill beasfollows Q.3 (0001)
EE-ANETEA TN} !
2 1000 *[2" 1000 ** [ 27 1000 ymirax=x=7,
=1+1+1 s, +1(500 terms) = 500 x—1
. Option (3) iscorrect Answer. Fr) == =f)=1+ax
Q73 St
. _i_{notdefinedxal o x—1=a+ 02X
0= = o X &l Equating the coefficient of x
2=1& a=-1
Period =1 Z=J_r1 ’
Evenfunction a=-1
t— 1o 11
2 1 2 Q4 (0005
fe(x) =—F(x) and f¢(x) = g(x)
= '(xX).f'(x)+f(x).f'(x)=0
« = f(x)?+(F(x))*=c
sgn signumﬁ 1 = (f(x)?+(9(x))*=c
\/Q = FX)=c
9= = F(10)=5.
g Q5  (0000)
=0— samedomain & range
fx)=0V xeR
= f(3)-f(2)=0.
EXERCISE-III Q6 0013)
=0=1(2)=2f(0)—f(1))=2x2-3=1
Q1  (7m) X~ —a0-
2H(x)—3F (1X) =X ... i) X:1:;(3):gf‘1‘? B )
replacingx by 1x x=2=f(4)=2f(2)—f(3) =2x1-5=-3
x = 3= f(5) = 2f(3) - (4) = 2(5) — (- 3) = 13.
1 PP
2f (;j =3f(x) =1/x? ... (i) Q7 (087)
solving (i) & (ii) weget f(2a—x)=f(x) =>f(2a+x)=-f(x) -- fisodd =f(x+
5f(x) = 2x2+ 3 =ty _
f(x) =—1/5 (22 + 3Ix?) = fisperiodicwithperiod4a = f(1+4r)=1(1)
- f(2)=—1/5(8+3/4) =74 Now i[ fl =8
Q2  (1000) '71
100 +f(x+ 4 =f(x +2) +f(x+6)  ...() = Tt — f1)=7/8
MATHEMATICS 15




Relations and Functions

Q8 (0002

Putting x = f(y) = 0 then f(0) = f(0) + 0+ f(0) — 1 - x =Y+l
= f0)=1 2-y
Putting x =f(y) By —1
Weget f(0) =f(x) +x2+f(x)—1 = f(x) =1—x?2 oo F=1(x) = > X #2
—-X
256
f(16)=1-—~ =1-128=-127 Q9
F(16)|=127. ]
19 X+1 ”
Q9 (0007
o{ ax ]
3f (x) + 2f X+59) _10x+30 ¢ (f _pfox ) _ _\x+1) a’x
x-1 = ()= x+1) ( ax Cax+x+1
— |+1
Forx=7,3f (7) +2f (11) =70+ 30=100 (x+1j
For x =11, 3f (11) + 2f (7) = 140.
f(7) f(11 -1 _ _ex i
20 220 9.4 o1 (N=4 7 oxexel v
= X[o?—ax—x-1] =0
Q.10 (0004) = x(a+1) (a—-1-x)=0
[X]2=x+2{x} = x=0ora+1=0
or [X2=[x]+3{x} or a=1+x [-ro-1-x=0]
, = a=—-0ora=1+x
o }z[X] -[x] a=-1
3 [--a=1+xgivesvaluefor particular x, not for al x]
2
o o< Xy Q10 @
T
or 0<[x]2-[x]<3 Givenf(x)=sin2x+sin2(x+§j+cosx
1-/3 1++/3
_,0
or [X]e( > }U{l 2 J COS(X-F%)

or [x]=-1,0,1,2

3
2 2 =SimXx+ SINXCOS~ + CoSX Sin—
or {x}= 5,0,0,5 (respectively) 3 3

1918 +cosx{cosxcos£—sinxsin£}
or X=—§,0,1.§AI’IS. (0005) 3 3
i 2
PREVIOUS YEAR'S xS, s Y3
2 2
MHT CET
Q1 + COSX @—sinx.ﬁ
Q2 @ 2 2
Q4 (¥ —gmx+ 2N x , 300 X+sinxcosx.73
Q5 (O
X—sinxcosx—3
Q6 (@ 2
Q7 (@ 5sin?x 5cos’x 5
08 @ _5sin’x_5cos’x _5
1 4 4 4
Lety= X+5

16 Mut Cer COMPENDIUM




Q.U

Q.12

Q.13

Q.14

5
- gof (x) =g[f(¥)] =g [;J =1

) Q.15
= =x’y-x+y=0
Lety 1+ x? y y
For xtobereal, 1—-4y?> 0{Discriminant = 1 —4y?}
= 4y*-1<0
= (2y-1) (2y+1)<0
1,1
AR
_ 11
. y=fx) e 5"
@

Here, P __isdefinedif 7—x>0,x-3>0and 7—-x >~

Relations and Functions

i.e., Range! Codomain
.. f(x) isone-one but not onto.

€)
SiN8x cosx — sin 6x cos3x
COS2X COSX —Sin3xsin4x

Given, f(x) =

B 2siN8x cosx — 2sin 6x cos3x
T 2C0S2X CoSX — 2sin3xsin4x

(SiN9x +sin7x)—(sin9x +sin3x)

(cos3x +cosx ) +(Ccos7x — cosx)

_ sin7x-sin3x _ 2cos5xsin2x i

= = =tan2x
COS7X +C0S3X  2C0S2X COS5X

. Period of f(x) = g

A Q16 (1)
=3<x<andxel 1 x?+1
Lety=X+—=y=
. x=3,4,5 y X y X
w f3)="P,,="P,=1 = xy=x°+1
. f(4)="*P,,=%P =3 = X?-xy+1=0
~ (5 R =R, =2 +.y? -4 £y’ -4
Hence, rangeof f(x) ={1, 2, 3} = x:%:f-l(y):%
&)
Here, (fog) (x) = [g(x)] =f ([3x +4)) . X+£x* -4
Since, the domain of f is[-3,5]. . (X)zT
= 3= X +4<5= [Bx+4|<5 since, the range of the inverse function is [1,), then
1 wetake
= -bB<3X+4<5=5-9<3X <1 = -3<x< 5
3 f,l(x)_x+\/x2—4
1 2
. Domain of (fog) (x) is {—31—} 5
3 X2 —
? If we consider, f‘l(x)=¥,thenf—1 (x)>1.
Heref : [0, 00) — [0,0) i.e., domianis[0, «0) and codomain Thisispossibleonly, when (x—2)*> x*—4
is[0,00). = X2+4-4x>x2—4P8>4x
= X<2whenx>2
For one-one, f(x) = X
I+x JEE-MAIN
. 1 Q1 @
= f (X):W>O’VXE[Q“’) Number of possible values of a= 60, for b =pq
Ifp=3,q=3,5,7, 11,13, 17,19
- f(x) isincreaisnginitsdomain. Thus, f(x) isone-one Ifp=5q9=5,7,11
initsdomain. Ifp=7,9=7
For onto, we find range Total cases=60 x 11 =660
X Q2 (@
f(X)=mI.E,Y=m For Rto bereflective= x Rx
= 3X+axX=7X = (3+a) X=7X
y =3+a=7A = a=7A-37N+4,kA,Nel
= yryx=xbx=7"y .. When o divided by 7, remainder is4.

y
= l_yZOasxzo

~ 0<y=1

MATHEMATICS 17

RtobesymmetricxRY =yRx
3X+ay=7N,3y+oax=7N,

=B+ a)(x+y)=7(N,+N,) =7N,

Which holdswhen 3 + o ismultiple of 7




Relations and Functions

Q.3

Q4

Q5

s.a=7N+4(asdid earlier)
R to be transitive
XRy & yRz= xRz.
3x+ay=7N, & y+oaz=7N,and3x+a z="7N,
53X+ 7N, -3y =7N,
S IN =y +7N, -3y =7N,
S T(NAN) «(3+a) y = 7N,
S (B+a)y=7N Q.6
Which is true again when 3 + o divisible by 7, i.e.
when o divided by 7, remainder is 4.
(O]
aRb<=ab>0,abeR
Reflexive:-
aa=& > 0=aR a= R isreflexive
Symmetric:-
LetaRb=ab>0
=bha>0
=bRa
. R issymmetric
Transtive: -
+(B0)e R and(0-2) e R,
But(3-2) e R (- 3(-2)=—6<0)
. R isnot transitve Q.7
= R, isnot an equivalence relation
NowaR,b«<a-b>0
Reflexive:a—a=0=aR,a
symmetric
(B2 eR,
But(23) e R, (--2-3<0)
= R, is not symmetric = R, is not an equivalence
relation
®)
R,={(ab) eNxN:a-b|<13}
Let(aa) € R, then

[a-a]=0<13 = R, isReflexive
Let(ab) e R, = la-b[<13
=|b-4<13
:>(b, a)e Rl Q8

= R, issymmetric
(L, 7)eR, (7,17) e R but(1,17) ¢R,
= R, isnot transitive
Hence, R, is not an equivalence.
R,={(a,b) e NxN:Ja—b|#13}
Let(a a) € R, then Q.9
la—a =0+ 13= R, isReflexive
Let(ab) € R, then
[a—b|# 13 = |b—a] = 13
= R, issymmetirc
— [14-10]# 13and |10—1|= 13 but |14 —-1]| =13
. R,isnot transitive
Hence, R, is not an equivalence.
Hence option (B) is correct
@
A={1,23}
R={(1,1).(1.2.(1,3)(21).(22).,(23)(3,1).(32 (3,

Q.10

3}

Henceitis

Transitive

Reflexive

aswell as

symmetric

. Itisan equivalencerelation

®

Here,p,p" e {1, 2,...50}

Now p can take values

2,3,5,7,11,13,17,23, 29, 31, 37,41, 43and 47

. wecan calculate no. of elementsinR,, as
(2,29,(2,29,...,(2,2)

(3,3),...(3,3

(5,59, cervreeerrrs (5,59

7,7,..,.(7,7

(11,1129, ...,(11,11Y

And rest for al other two elements each
n(R)=6+4+3+3+(2x10)=36
SimilalyforR,

(2,29,(2,29,(3,39,(3,3Y), ..., (47,47, (47, 47Y)
. NR)=2x14=28
~n(R)-n(R)=36-28=8

[37]

(1,1), (1,4), (4,1),(2,4), (4,2), (3.4),(4,3), (4,4)- dl have
one choicefor image.

(2,2), (1,2), (2,2) - dl havethree choicesfor image
(3,2), (2,3), (3,1),(1,3), (3,3)- al havetwo choicesfor
image.

So thetotal functions=3x3x2x2x2=72
Case 1: None of the pre-images have 3 asimage
Total functions=2x2x1x1x1=4

Case 2 : None of the pre-images have 2 asimage
Total functions=2x2x2 x2x2=32

Case 3 : None of the pre-images have either 3or 2 as
image

Total functions=1x1x1x1x1=1

.. Total onto functions=72—-4-32+1=237
[18]

f(g(x)) =8x2—2x, g(f(x)) =4x2+6x + 1
g(x)=2x—1andf(x)=2x2+3x+1
9(2)=2(2)-1=3

f(2)=2(2*+3(2)+1=15
f(2)+9(2)=15+3=18

[31]

2f(a) —f(b) + 3f(c) + f(d)=0

we have to make cases

likef(a) cantakevaueO, 1,2,3,4,5

f(c) cantakevalueO, 1, 2,3

-, 2f(a) + 3f(c) +f(d) =f(b)

So from fundamental principle of counting we get
number of one-one functions as 31.

@)

fab)= S 1=

@)= 7=

since fog is even function

= Many —onefuncliqy, 1, Cpr CoMmPENDIUM
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Relations and Functions

1 2 1
|€ty= X2—1 f(l):(z(;j(s)jsozsw

- 1 , 1+y
=>X-1=T"=x2= " 1
y y J3 50
Loy f(f(1))={2(1—2j(2+\/§)} =1
:TZO
=y (-0, -1] (0, o) gD =f@Q)+1=3%+1
-~ Range = co-domain [9®)]=2
= Into - function
01 () Q1 (2
- 2% e2>< ez f(X) X 1
M0HI0= e ezee_z{ezx+e+ez+ez“l} X+1
g1 12 X—l_l
:2|: 2x 1 2x—1:|:2 2 _ _X+1 _-1
e =120 =f(f()) = 2E3—=—
+
f(i)+f(2j+f(3]+ +f(99) x+1 1
100 100 100 100
1) _x+1
1 fax)="f(f2(x) =f(——)=—
Hloo} [moj} { (100} [100} o )=Hw) x) 1-X
49 51 1
ey i)+ (3 ) = f(xﬂj_;l
2 1-Xx X
=(2+2+2+..... 49tim&)+m L 1
=98+1=99 =f°X) =—==f°%6)=—=
Q.12  (190) X 8
g; n=2 4,68 10
f(n) = 8 4
n+11, f/(N=—=_2
5 X n=1357,9 (7) _6 3
f(g(n)):{nﬂ’: ne odd
n-1 neeven 1 4 3
ot —— ==
. g(n) = f*(n+1); neodd 6 3 2
= f(n-1); neeven Q15 @4
Nl 4R , n=2R
- — ne odd f(n)={4R-2 , n=4R-1 ReN)
-gin) = n+10 2R-1 , n=4R-3
» heeven Notethat for any element, it will fall into exactly one of
9(10) - [9(1) +9(2) +9(3) + g(4) +9(5)] these sets
=10-[1+6+2+7+3] =190 {y:y=4R)y e N}
{y:y=4R-2;y e N}
Q.13 [7 {y:y=2R-1,y e N}
1 Corresponding to that y, wewill get exactly onevalue
f(%) :[2[1_ ><225j(2+xzs)j5° of n. Thus, f is one-one and onto.
Q16 (2
3+(n-1)6=99
(n-1)6=96
n-1=16

MATHEMATICS 19



Relations and Functions

n=17
As bijective function has to be considered

.. Out of 50 odd numbersremove 17 numbersand rest g
33 numbers can be mapped with any number 25
So, answer =*C_, x 33! 36
=%p,, 49
Q17 @ 64
f0)+3+A+4=14 -
~f0)=7-r=c
f(l)=a+b+c=3 (i
fE3§=9a+ 3B+c=4 ... (i) ! <5 = Q@4 —2vaues
f(2)=4a—-2b+c=1 ..(iii) f@<2 =@ — lvalues
(i) —(iii) fR<5 =0 — 1vaues
40 f@h<2 =00 — 1values
a+b=T put in equation (i) f6) <5 = (14) — 2values
f6) <10 = (149 — 3vaues
A=k 7 923 f(7) <17 = (1,4,9,16) - 4vaues
5 f(8) <26 = (1,49,16,25) — 5values
6L=24;A=4 f(9) <37 = (1,49,16,25,36) — 6vaues
Q18 (2 no. of function=2.1.1.12.3.4.5.6 = 1440.
O e {1} >f(2 € {12345}, f(3coresponding Q.21  [25
&f(6)al6=>1x5x1x6=30 (x) = X2+ b+ (- 10)=p)

(i)f(1) e {2} -T2 « {1,234},f(3) corresponding
&f(6)al 6= 1x4x1x6=24 1 1
(i) F(D) € {3} > () e {1,2,3},f(3) corresponding & fM=5=1+b+p=7 (D)
f(6)al6=1x3x1x6=18

(iv) f(D) e {4} > (2 e {1}, (3) corresponding & f (6) p+b:_—2
Al6=>1%x1x1x6=6 3
hencetotal function=30+24+ 18+ 12+ 6=90 Let o iscommon root
Q1o @ flf(F(H(e))] =0

FoN-{L =N . . flf(fQ)] =0
defined by f(a) = o, where o is the maximum of the f[f(p)] =0
powers of those primes P such that P? divides a fp2+bp+p] =0
andg(a)=a+1 flp(p+b+1)]=0
Newh(a) = (f+9) (a) =f(a) +9(a)

=a+a+l f(EjZO
one—one:- 3
h(5)=1+5+1=7 s
andh(4)=2+4+1=7 LA
=h(5)=h(4) But5=4 9 3
= hisnot1-1 o b
onto:-ae N-{1} st —+—+1=0 D=0
h@ =1 973 (- p=0)
if possible p+3b+9=0 -2
h(@=1 From (1) and (2)
then 2
a+a+l=1 —§—b+3b:—9
=a+a=0
—o=-a 2b=—9+z=_—25
= a isnegative (-~ ae N —{1}) contradition 3 3
= hisnotinto b_—_25 _25-2_ 21
correct ansis=D T 6 "6 3 6

Q.20  [1440]
x2-10x+9 <0 : f(x)=x2—§x+Z
X e [1,9] h 6 2
A:{1,2,3, ...... 9} 25 7
B ={1,49,16,25,.......} f(-3) =9+7+E
=9+16=25
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Inverse Trigonometric Functions

INVERSE TRIGONOMETRIC FUNCTIONS

EXERCISE-l (MHT CET LEVEL)

Q1 @
Sm—l[__\/éj _ —{ﬁj __T
2 ) 2) 3
Qz (4
Q3
Q4 (I
Q5 (@
Q6 (@
Q7 @
tan{£ + 1 cos™t E} + tan[E 1 cos™t 3}
4 2 b 4 2 b
1 1a_ _a
Let Ecos . 0 = cos20 = b

T T
tanf—+06 |+tan| ——0
Thus, {4 } {4 }

1+tan® 1-tan® (1+tan0)? + (1-tan0)?

= +
1-tan® 1+tano® (1-tan? 0)

1+ tan0 + 2tand + 1+ tan2 0 — 2tan®

1+ tan?0)
2
_2Atan®0) Lo oo 2
1—tan? 0 c0s20
_ 2 _2
“alb a

Q8 (¥

sin(4tan‘1lj
3

=2si n(Ztan‘1 lj cos(Ztan‘llj
3 3

=2si n(tan‘l §j = cos(tan‘l §j
4 4

MATHEMATICS

cos(Ztan‘1 lj = cos(tan‘ll] _24
7 24 25

Thegiven expression=0

Q9 O

Thegiven trigonometric ratio

o)

2]
=cos| =cos*=
2 8
1+ cos((:os‘1 1]
_ 8)_3
2 4
Q.10 (4
eQu 4
Q12 (@

Cotl{\/l—snx +1+ smx:l

\/1—sinx —\/1+sinx

oot (V1-sinx +v1+sinx) (V1-sinx ++1+sinx)
- (\/1—sinx—\/1+sinx)'(\/1—sinx +\/1+sinx)

COt_ll(l—smx) +(L+sinx) + 2y1-sin? x}

(1-sinx) - (1+sinx)

oL 2(1+ cosx) _cot-Y - 2c052(x/2)
- —2sinx 2sin(x/2)cos(x/2)

:cot‘l(— cotij = cot‘l cot(n —Q =T X
2 2 2°

Trick : Put X = % so that the expression becomes

Cotll\/\/i—lJr \/\/5+1]
JW2-1-JJ2+1

21




Inverse Trigonometric Functions

Q.13

Q.14

Q.15

Q.16

Q.17

— cot

,1_\/5—1+\/§+1+ 2\/2_—1}
V2-1-42-1

— cot™

1| 242+ 2} = cot }(-1-+/2) =157.5°

—2
@

R 2n
The principal vaueof SIN {Sl n(n - ?ﬂ

o1 . (TE) I
=sin"sin = | =—
3/ 3
@
cos1(cos12) — sin~Y(sin14) = 12-14= 2.

Q)

Giventhat cos™*x +cos ™ty +costz=n

= cos‘l(x) + cos‘l(y) + cos‘l(z) = cos_l(—l)

= cos‘l(x) + cos‘l(y) = cos‘l(—l) - cos‘l(z)

= cosH(xy - Vi-x2 m =cos ™ 1) ()}
= xy—(1-x?) @-y?) =-
= (y+2) =y(1-x%) 1-y?)

Squaring both sides we get x2 + y? + 2% + 2xyz =1
. 1
Trick : Put X:y:ZZE’ so that

a1l 41 41

COS "—+C0S "—+COS "—=m
2 2

Obviously (4) holdsfor these values of x, y, z

@

Obviously x =sin(6+p) and y=sin(6-8)
S+ xy=1+sin(0+p)sin(®—-p)
:1+sin29—sin2[3=sin29+coszl3

@

tan~Y _OSX_ |0t sin(r/2-x)
1+sinx 1+cos(n/2-Xx)

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

—tan? 2sin(n/4-x/2)cos(n/4-x12)
2cos? (n/4-x/2)

4 2)7 4 2
©)

4 1
\/xz—l

(Putting x = cosc 0)

1 1
\/ cosec?0 —1

=tan

’1% =0 = cosec x .

cot

=tan

©)

Let tan12=a = tana =2

and cot 13=p=cotp=3

sec? (tan’1 2)+ cosec? (cot’1 3)
2

= sec? o + cosec?a =1+ tan? o+ 1+ cot? o

=2+(2)%+ (33

@
}:tan{tan‘13}

§||oo
o

Given, tan"1x = sin_l{

=] w
{E—

-
X = tan{sin ——
= { { 0

= x=3.

)

43, 12

. i1 :
sn-C=sin"~—+ cos
Given 5 13

=C= sin(sin‘l§+ cos‘lEj
5 13

using, sin(A + B) =sinA cosB + cosAsinB

c_3,12 [ 9 [ 1
5 137\ 25\ 169
@

_1{ 57:} . 4{00557@ I
COS ~| COS— |+ SIn —_— | ==
3 3 2

1 1 T
)-

(- Sin"" X+ cos X=3

S

Mut Cer COMPENDIUM
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Inverse Trigonometric Functions

sn Y V3| gny L] 600 300 - 30° 1.1
2 2 : 7 + 8 1
=tan™ +tant— =
1_1)(} 18
Q24 (a) 7 8
2tan‘1i+tan‘11+ 2tan‘1l 4,15, .1
5 2 8 tan—tan—
55 18
= e 3L
2t 2Bt S *'11 18
= 1_7 = 7
5'8 3.1
3 1 tan’li + tan’li —tant| 11 18
3 1 L= 11 18 3.1
—tan 'St tan S =tan -2 3 71 11" 18
47 65 1
-tan'—=tan'==cot™3
o5 T 192
=tan ' == =tan'1=45°=— Q.28 (b
25 4
Q25 (d) 029 (2
1 1 Q30 (4
tanl(—j +tan™ {—} Q31 (2
4 2 032 (2
Q33 (2
1 2 Q34 (2
=4+ £ Q35 (3
1l 4 9 a1
_ tan 1 1 2| tan {E} Given cos ™t x + cos ty+costz=3n
_ixi
4 9 +0<cosix<n
0% @ ~.0<costy<rand g<costz<n
i Here cos x=costy=coslz=n
sin*1x+cos1x+tan*1x:§+tan*1x — Xx=y=z=cosn=-1
Since domain of the function x e [-1,1] Xy +yz+zx = (=)(-D) + (DD + (DD
E<tan*1x<£ =1+1+1=3
4 4 036 (@
T
Hence,kzzandK:Z 11
Q.27 (d) tan[tan_li—tan_ll} - tan tan* 2 f
We have cot™ 7 + cot™* 8 + cot 118 3 1+ 6
xy:£.£<1 —tantanfl(lxgj—l
78 = 6 7)°7
L1 1
MATHEMATICS 23



Inverse Trigonometric Functions

cos tVl-x +sinty1-x =sint x+cos’1\/;:_E 2
2 —tanY 3|+ tan 1(% —tan1(§)+tan16)
= 8 = "
Q38 (@ 9
sin’1x+sin’l£+cos’1x+cos’11 1 3
X X i
—tanY 2 4 | _ignL
- B (1 (1 =tan —1 3 tan (2
={sin""(x)+cos (X)} +<sin"| =|+cos | — 1-=x>2
X X 2 4
T T Q48 (2
=—+4+—=T7
2 2 Let x = tan?0 = 0 = tan 1 4/x
Q39 () Nowlcos—l(l—_xj
Q.40 (3 12 1+x
Q41 (1 )
Q42 (1) _ lcos_l[l—tan 0
2 1+tan?0
sin‘lé:tan‘lﬂ,Ztan‘ll:tan‘lé:cot‘lﬂand
5 3 3 4 3 1 20
n ==cos tcos20="=0= tan’lx/;,
tantx+cottx=— 2 2
2 Q49 (2
Q43 (1 gn[man—ll):s-n 2tan_1( 2/3 j
Q.44 (4 3 1-@1/9)
; -1 -1
Q.45 (4 sin[cot™ (cos tan™ ™ X)] _ 3] . ‘1(2X(3/4)j
=dn 2tan " —|=9gn e ——
1+(9/16)
=sin| cot™!| cos cos™*
1+x2 _3.,16_24
2 25 25
-1 .1 2X
2 5 ('.'Ztan X =9n —zj
=din cot_l# =sdin sin_lw/“—x2 1+Xx 1+X
1+x2 2+X 2+ x%
Q46 (1 Q80 @
Let cos™tx = 0. Then x = cosd sin{Ztanl(%ﬂ + cos[tan 1 (2/2)]
2 = i—1—,/1_)(2 213
tan 6 = vsec® 0 -1 x2 X = §in tan "t —=""_ | + cos[tan 1 (24/2)]
1-1/9
[ 2 . _ _
tan(cos‘lx):tanez 1;X _ =sin[tan~* 3/ 4] + cos[tan 12\/5]
3 1 14
Q.47 (4) =—+—=—=—,
5 3 15
2
2tan‘1l+tan_11:tan_1 -3 +tan_l(1j Qsl @
3 2 11 2 A
sin‘12x=sin‘1x—sin‘l7
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sin‘12x=sin‘l[x (1—%] —é 1—x2J

Inverse Trigonometric Functions

J5

Squaring both sides, weget X =+ —

2 3
Q54 (&
el [Coa el 1
2x=(i—ﬁ Fl—xzj Let a =cos \/E B=cos " 41-p
2 2 and
Cnel _ [ _
\/5\/_2 X _ax Y =C0S ~4/1-q orcosa = +/p; cosP = 4/1-p
—V1-X" =—-2X=——
2 2 2 and cosy = 41— q.
2 2
31-x7) _ 9 Therefore sina. = /1-p, sinp=,/p and
4 4
I S siny = a
=3-3&"=9x"= X :Z:x:iz. The given equation may be written as
oa+p+ _3n a+[3—3—n—
Q52 () rE o 4 1o
3 3n
| 1 _
inl 3sn12| =sin/sin? 3( )—4(—) COS(OHB)—CO{——“/)
sm{?)sm } [ { 5 5 4
= cosa Cosp—sinasin =
. .1{3 4} . .1(75—4)
=9nl Sn ———7; | =9n 9N —_— T T
5 125 125 co Tc—(—+yj :—cos(—+y)
4 4
sin{sin‘l 71} n
125| 125 - = 1-g-—
= /I p-ypdp [ﬁ\h q ﬁ-ﬁ]
Q53 (2 1
' tan{cos’l(x)}—sin(Corli) =0=y1-q-Ja = 1-a=q= =37
Given that = 2 Q5 (3
_ _ T
Let cot_1%:¢:>%=cot¢ tan 2 (1+ x) + tan 1(1—x)=§
sng = 1 _ 2 = tan‘l(1+ X) =g—tan‘l(1— X)
= \/1+cot2¢ V5
= tan"}(1+ x) = cot 1(1-X)
1 1
Letcos X=0=>sec=—= —Jeer2 _
x — tanf=ysect0-1 = tan 11+ x):tan_l(—l 1)()
1 1-x?2
tan@ = |—-1 - X
= K2 o End=—— o lix=—t = 1-x% =15 x=0
tan{ cos‘l(x)} =g n(cot -1 l]
So, 5 Q56 (1)
5 From previous solution
-1 1-x . ( -1 2]
— tan| tan =snfsn ~— 7
V5 T <(@n %)%+ (costx)® <L
32 8
1-x2 2 5 1 o
< :E: /(1_)( )5 = 2x Herea<§.So,numberofsolutlonlszero.
MATHEMATICS 25




Inverse Trigonometric Functions

Q57 ()
(tan"1x)? + (cot 1 x)? = 5n° 0
8 If cos’1£+ cos’l%: 0
N a
2 2
2 X y 2
(tan~1x + cot 1x)? - Ztan‘lx(g ~tan? x) =— Then ?COSG * b2 =sin0
2 2 -1 X =
COS  —+COS  ==q;
:%—2xgtan‘lx+2(tan‘lx)2=5L Here 1+ 2 *
2 2
2 X 2xy y .2
— ——=>cosa +-——=8n
:>2(tan‘1x)2—ntan‘1x—3%=o 1 2 %'y ¢
2 yz 2
:>tan‘lx:—g,g—njtan_1x=—£:x:—1, X —xyc03a+7=sm o
4 4 4
Q58 (3 4x2—4xycosa+y2=4sin2a
x+y=tan_133
Q61 (3
=y=tan 133-tan"13 . 1
COS ~X+C0S (2X)=-=
133-3 1 30 ~
=tan 1199 =tan 100~ Y=1tan Y03 = cost2x =—n—costx
Q%9 = 2X = cos(m + cos 1 x)
= 2X= COSTC(COSCOS_]' X)—sinns n(cos‘l X)
CiX — Cr—C C3—C
tanl(—lx y]+tanl(—12 1]+tan1[—13 2j+ 2X=-X=Xx=0
Qay+x e 0302 But x = 0 does not satisfy the given equation.
No solution will exist.
..... +tant—
n Q62 (@
x 1 1 1 n om
-1
VS o o We have Ztan (
_ C 4l ¢ ¢ 4 2
=tan Y Y& | anl & G2 - m”+m*+2
1 1
1+—.C— 1+? N
y G 1C2 2m
=Zta”_l[ 2 2
el 1+ (M +m+DH(m°-—m+1)
1_1
+tan Y L2 103 Fobtan _Zn:tan—l((m2+m+1)—(m2—m+1)]
1+ —— n = 1+ (Mm% +m+ (Mm% - m+1)
C2C3
n
=Z[tan‘1(m2+m+1)—tan‘l(m2—m+1)]
—tan X tan = 4 tant tan’1i+tan’l— m=1
y G G C2 2 4 1 4 4
=(tan""3—-tan "D+ (tan " 7—-tan " 3) +
~tan =+ . +tant tan’1i+tan’l— -1 -1 “1p.2—
(tan113—tan17) +......+ [tan L@AFMF Dn + )]
3 Ch-1 Cn n
:tan_l(éj
y
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Inverse Trigonometric Functions

.8 1
= tan‘l(n2 + n+1)—tan‘11= Q @
n
2 cost o =0
a2 208
2+Nn°+n -
costa, +costa, +.....+ costa
Q63 (3 S0, cos:Ll oclisalvflays positive
a .1 [ 2 m So, in order to have their sum 0 all should be equal to
tan™" \X(X+1) +sin"" VX +X+1_E 0
tan~1 \/x(x +1) is defined when
x(x+1) >0
()
sin14/x2 + x +1 isdefined when
0<x(x+D)+1<lor 0<x(x+1 <0 costa,=costa,=...=costa =0
(0} = cos'a, =0= a,=1
From (i) and (ii), x(x +1) = 0 costa,=0=  a,=1
orx=0and-1. . B _
Hence number of solutionis2. cos* o, =0= o,=1
m
=Y =n
EXERCISE-Il (JEE MAIN LEVEL) i=1
Q1 (2) Q.9 B
Given=60°+45°=105°
n b
Q2 ® cot™ (;j > neN
. 1<x<1 . ()
xeR .. 2 n T
x<-lorx>1 .. ©) T Sty = Nn<y3-n
By (1 2 3
:3/5(.)5?—(1)1?( = n< 3 x3.14 = n=5
Q3 0 Q0 @ o
Domainof f(x)is x € { -1, 1} cosec™ (cosx) isdefineif
T T i cosx 21 orcosx < -1
f-)=—-7—-——+n=— _ _
2 4 4 = COX=+1= X=nNn
T T 3n
=—+—+0=— Q]l (C)
M 2 4 4
tan™ (1+ x) + tan™ (1- x) = T
Q4 2
Q5 (4 N
Q6 (@ = tan" (1+x)=——tan " (1-X)
Q7 2
cos[tan{sin (cot*,/3 )}] =y = tan™ (1+ x) =cot ™ (1-x)
— tan-t (sin r - tan‘ll :>tan‘1(1+ X)Ztan_l —1
= cos [tan? (s 6)] = cos 2 - x
cos? 2 |-~ 14 x= s
R RRNCIRRE =
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Inverse Trigonometric Functions

Q.12
Q.13
Q.14

Q.15

Q.16

=1-x*=1=x=0

«y

y=simt(cosmt) = sin?(-1) = —g

4 Q17 &
@ Xx>0,0=sinx +costx—tanx
T <X<2mCcosStcosx =2n —X )
11 [-L1] xeR
@ butx>0s0,x € [0, 1]
1 1 T
= —CoSs | — = — —tan™
o[22 "
T T
R, [9|x—1 e|X:OJ =,50<2
& |Ve3
Q18 (0
- 1 .1 2 1 2
We have, (sm x) +(cos x)

1 1
Let,cos'— =0 = cosO=— . _ 2 . B
8 8 :(smlx+coslx) —2sin x-costx

cosg _ |1+cos6
2\ 2 )

=n——23in‘1x(£—sin‘lxj
4 2

1
R '} ) i
- T . -
2 2 == _qsin 1x+2(sm 1x)
4
= 1/i =3 | 2 n n’
16 4 =2 (sin‘lx) ——sntx+—
I 2 8
1 —
coslﬂj ¥ 2
0 _ 8)|_3 =2/lsntx-=| +—
& cos 5 = cos 2 =2 _( 4 16

2 2
Thus, theleast valueis Z(E—] ie r
@ 16 8

y=sin?[cos{cos? (cosx) +sin?t(sinx)}]

T i
givenXe(—vﬁj = — <X<7x _ _ 2 2
g 2 and the greatest value s 2 (—W—E] +
2 4 16
oy . 57'52
Now cos™ (cosx) = x S I.€. T
0 % Q.19 (b)
& 2t - tan ' ton
sint (sinx) = —X “;2 g N
AT 1,1
—tan 2O :tan‘l—Z/5 = an‘li
S0,y =sin [cos{x +  —X}] 1_}_} 24125 12

55
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Inverse Trigonometric Functions

Given,
19 ﬂj

1 4
- -1 2a 0 1_b2 -1 2X
5 S Tra2) " )T (1o
tan(tan‘llzj —tan% 7 1
_ 5 —= 1172 T s2tanta-2tantb=2tantx
-1
1+tan (tan 12) tanz E —tan‘ta—tantb=tantx
St 272 tantx = x a-b
Q20 (@ 1+ab 1+ab
Q21 (3
Q22 (1)
Ry Q27
Q24 (2 Q28 (1
Letcos'x=y Q29
= X = COSY, Q30 (3
L - Q31 (2
sothatagxslorogysg Q32

. . T T
sintx+sinty= > —costx—costy + 5

and 5+1\/3—3x2 zlcosy+£siny X
2 2 2 2 =n—(costx +costy) = ?n

3

= cosﬁcosy+sin£siny = cos(—— j
3 3

w

s
= cos'x+costy= 3

:>cos‘1(§+%\/3—3x2j=g—y Q3B

.. the given expression is equal to sint x —cost x = cos? g
y+ T y,ei T
3 73 E—Zcos*lx=cos*1£=£
2 2 6

Q25 (¢ o
—> COS"X= g

costx — cos‘l% =

2
= cos™ X—2y+\/(1_xz)( _yfﬂa Q34

. P
smtx+cott |5 ) =5

) xy+\/4—y2—4x2+x2y2 1
= cos™ 2 =a = sin—1x+coslﬁ :g .+ sin0 +cos
= 4—y? —4x* + X%y? 19:%
= 4c05° o + x*y* —4xy cosa. 1
= X="7=
= 4x* + y* —4xy cosa. = 4sin® a. 5
Q.26 (d) Q3
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Inverse Trigonometric Functions

3 i
int(l)—sin?t.— ==
sm()sm\/: 6
gWJE_E n_m

X 2 6 3
—an T _ N3
= —S|n3—7
= X=4
Q36 @

1
By property if x<0, tan™ ; =cotlx—m

1 T
. tantx +tant ; =tan'x+cotix—m= 2 -

1 b1
= tanix+tant — =— —
X 2

037 @
y = tan [sinl(gj + tanl(gﬂ
5 3

. .3 . 3
Let9:5|n4§ = smezg

tane—§
!

N

4

o33
ol {g)omrfl]
oo )

y= 1_tan(tan{jjj.tan[ta”l@j

Q.39

Q.40

Q.41

3.2
__4 3 _9+8 17
Y=, 32776 "6
4 3
C
1
tan(—+—005 1Xj+tan m_CosTTX
4 2

Letcos?tx=0=x=cos0

r. 9 r_%
L Y AL R

2 2
1+tan9 + l—tan9
2 2

1—tan2 9
2

0
2| sec? >
( 2) 2 2
—= =

=

2
X

©)

| | | a+b
tanta+tantb=n+tan™ | TP

if ab>1,a>0,b>0

@

tan™ 1 +tan? 1 =tantl= z
2 3 4

)

T T
putx=tan6 = 6=tan'x,0 e )

tar |secO|-1) _ m
tano 45°

a
N[ a

)

(but sec 6 is+vefor (_E’

30
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Inverse Trigonometric Functions

1 0 heregiven,0<x<1
tan —COSP) _ _m 0<cosf<1
sin® 450
0<0< =
1| tan T 2
tan® 2) = 250 comesin PVR of 0 = cos™ x
<.
Now— — <0< — 274
0 _costx
I 0 I SO, y=—- =
__<_<_ 1
[ 42 4] 2 2
2— T tantx =2 x =80 NOWyminzg =0
5> = 250 > @mx 25 - 200
X =tan 8°
_8 =z
Q42 @ Yra= 2|,_n "4
2
J1-sinx +4/1+sinx
y =cot? - - T
J1-sinx —/1+sinx S0, O,Z
iven I <x<
gven 7 sxsrw Q44 ()
tanl>1
sinX —cos X | +|sin> +cos X n
in— —cos— |+|si E+ > tanls> &
y =cot? 4
. X . X X
sin—-—cos—|—|sin= +cos—
2 2‘ 2 2‘ .
P —
NO\Nif£<X<T[ :£<£<£ 1 ................ E
= 2 45252 L
X X mlin
Nowsin5>cosEso, moduluswill open directly 4 2
23in§ . tan1>tant 1
y=cot? |- | =cot? (— ta”gj
2cos—
2 Q45 (3
X r_X tan ! +tan L = tant =
y = —cot(tan E) = m—cotcot| 55 2x+1 4x+1) ~ x2
b + X b + X 1 N 1
=T - — —_= — —_
y 2 27272 ) ooxa1axea | 2
17— = X
Q43 (2 2x+1)(4x +1)
y:tan-l(l_ j,Osxsl 4x+1+2x+1 i
X Ox+D(@x+D) -1~ x2
putx=cos® = 6=cosx0 e [0, n]
1-cos6 —6X+2 2
- 0 2 = — = 63+2=16x2+12x
- 1| — | — -1 et
y =tan (1+cosej_tan (tan Zj (8x“ +6x) x

= 6x3-14x2-12x=0
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Inverse Trigonometric Functions

= X(6x*—14x—-12)=0
x=0,6x>-14x—-12=0

X=O,X=3, 7
check:x=0

2

o

T T
2 + 2 (Accepted)
x=3

1

tan™ (—

1

S

Q.49

5)

Q.50

-6
9
So, 2 solutions

= tan® (

Q46 (2

3
cos' — +cos?t —

5
3 4 12

o5t (32435 )

13
X———X
5 13 5 13

3sin20
5+ 4c0s20

33

= 1
= COs™ [ 65

@

1
3sin20

Q.47
1 ]_E Q.51
2 T4
B 6tano _
= 544c0s20 ~ tan?0+9
= tan’0-6tan0+9=0 = (tan6-3)>=0
tan6=3

Q48 (4

snl(ZxW) =

2sint x if x|< L
[ x| 5
_2sinlx  if L<x<1
5 V2
+ 2sin x| if —lsx<——1

. 2simix=simt (2x V1-x? )istruefor [x| < \/_

©)

2 2
X< ] X X
COS_1{7+ 1- X2 1—7}2 cos? E —Ccosx

The above holds iff

X

x>20&1 22 >0
0<x<1&0<x<
|ﬁ
0<x<1
©)
3
cos*l\/B +cos? \1-p +cost l-q = Tn

3
cos*l(\/a J1-p —=41-p \/6)+cos‘1 /1_q =T

4
10+ 1 _ -
cos" cost 1-q 2
cos? J1-qg = z = 1- —1
q 4 q=

= q:%S0,0S\/le& 0<,1-p <1

0<p<1l& 0<1-p<1
-1<—p<0= 0<p<1

3x , 4v25-x*
25 25
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Inverse Trigonometric Functions

X2—6x+9=0 = (x—3)?=0 = Xx=3 1 1
+
Q52 (1 or tan | LE2C L |t G
Teg! int(l—x)= 1 B X
sintx+sin?(1—-x) =cos?x 1+ 2x 1+ 4x

(sintx+sim?(1-x)) =cos?x

| . 2+6x 2
S (X 1- (1-%)? +(1X) /1 x2 ) =St ] 42 O extex? X2

or 6x°3—14x?-12x=0

2 = 2 —
Xy2x-x2 = y1-x2 (1=1+x) or Xx(x=3)(3x+2)=0
X(2x—x?) —(1—x3)x2=0 or x=3orx=-2/3
23-x2=0 Butforx=-2/3,L.H.S<0andR.H.S.>0
1 Hence, the only solutionisx = 3.
x2(2x-1)=0 :>X:O,E
Both accepted. Q3 0003
Q33 (9 sntXsntd_T
5 5 2
s
sn?(l-x)—-2sin?*x=— - .14
(1-x) 2 = sin 1%:g—sm lg

—2sintx=cos?(1-x)

1—2X2:1—X jgnflézcosflﬂ

5
1
2_y— -0 =
2x2—x=0=>x 0,2 :>sin‘l%:5in"lg
check: x=0 _
x=3
T T
LHS = E -0 = E =RHS Q.4 283
1 T T o . -111: -1§
X:E:>g—§:>—52>50rejected COS5 tan4
N cos’1g+tan’1§
EXERCISE-II
3.2
Q1 0013 = tan* 4 3 —t _1g
5 5 1-32 6
PutSin_1;=A or =sinA 4'3
Q5 0003
. 112 12 .
snT—==B or —=sinB 1, et 1@
X X Wehave cot " X+sSinN T —=—
5 4
T
:A"'B:E 1/\/g
= tan’1—+tan’1—=%
= snA=sin (E—szcosB: 1-sin’B X 1
2 5
:>§= /1—% or@:l = tan’11+tan’1£=tan’11
X X X X 2
orx?=169 orx=13 1
[ .- x ==13 does not satisfy the given equation] = tan'==tan'1- tan’lE
Q.2 0003 1
1- =
_1 1 1 -1 2 — -
1+2x 1+4x:tan x2 :>tanlx—tanl 2
1+1.=
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Inverse Trigonometric Functions

Q6

Q7

Q.8

Q9

Q.10

= tan‘ll:tan‘l(EJ: x=3
X 3

0001

Given sin*A +cos'B = g

But sn*A+costA :g

@

s from(1) & (2). A=B
2 3 4
SX— -t =X -+
2 4 2
X x?
= =

=X(2+x%) =x*(2+x)

=>2X(x-)=0
. x=0orl
but x =0
Sox=1

(093

_1( 1 j
cost| ———
VX% +x+1

1

VX2 +x+1

=x?+x+1=1

= =Vx%+x+1

=x2+x=0
=x=-1,0
1

6

X
——...tox

4

+sin‘1( x2+x+1):

T
2

(tan‘1x+cot‘1x)2 —2tan"*xcot™x = 5%
2 2

=T _otan'x| E—tanx _o
4 2 8

2 2
=X _rtanx+2(tan " x)? = o
4 8

2
= 2(tan"'x)* —mwtan 'x = 5%

=16(tan ' x)? —8ntan*x —31* =0
=16(tan ' x)? —12ntan " x + 4ntan "t x —3n° =0

= 4(tan"' x) [4tan’l X — 37:] +m(4tantx-3m) =0

:tan—lx:_%’%‘ but tan'lx:t%t[ as
tan® x ¢ﬁe(_£,ﬁj
4 2 2
S X :tan(—ﬁj:—l
4
PREVIOUS YEAR'S
MHT CET
Q1 @
Q.2 @
Q3 @
Q4 @
Q.5 )
Q.6 @
Q.7 )
Q8 @
Q.9 )
Q10 (3
Qu @
cosx >sinx [wherex e [-1, 1]]
costx="_sin?x
2
T dntx>snxt=2sntx<X
2 2
- i 1
=SSN X< Z = X< \/E
- —1<x<1
1
—1<x< NG
Q12

34
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Q.13

Q.14

Inverse Trigonometric Functions

« JEE-MAIN
Given,f(x):sin—{logz(aﬂ Q1 @
x « Zsinl(z1 )
= -l<log, | ; |<1= 27 < S <2 -1 &<
T

1 x
= —<—-<2=1<x<4 — T <

5<% n/2<sin 4X2_1_n/2

©)
costa +costp+costy=3n
costa=cosly=n
cost=afp=y
— 1:(1:B:V
a=pB=y=-1 Q.2
aBry+p(y+a)+y(atp)
-1(-1-1) -1(-1-1)-1(-1-1)
2+2+2=6

&)

Lettanix=y (1)
tany=x=tany=x/1

INAABC, tany =AB/BC=x

By Pythagoras theorem,
AC2=AB?+BC?

= AC=x2+1?=x?+1

= AC=+x%*+1
BC 1
L COSYE ACT [zoa (D))
X“+1 Q.3

1
= y =cos? [ﬁj
Now, let cot™(cos(y)) =z
(i)

cot z=cosy

1
=cotz= \/xTrl [using Eq.(ii)]

1 ]
x2+1

cotz:%: 1

N z=cot1(

InAPQR

x? +1
By Pythagoras theorem,
PR?=PQ?+ QR?
w PR=x242
VxZ+1
x?+2

.. sin[cot™ (cos(tan x))] =

So, sinz=

x?+1
x?+2
[using Egs. (i) and (iii)]

1
-1 —<
Always—1< 4x2—l_1

<=l

(29
5Otan[3tan’1(%j + Zcos’{%j] + 4\/5 tan(%tan’l(Z\/ﬁ)j

50taq[tan’1%+ z[tan’%ﬂan’lzn +4\/§tan(%tan’1(2\/§)j

a1 i
50tan (tan 1§+2'Ej +4\/§Xi
2

J2
1
:50tan(n+tan-1§)+4

50
p *4
=25+4=29
()
Given (tar?x)*+(cotx)*=kn3 xeR
using, a+h*=(a+h)*-3ab(at+h)
o (tan™x)3+(cotx)3=(tan"*x+cot1x)3-3tan-!x.cot"
Ix.(tarix+cotx)

3
(tanx)3+(cotx)3= [gj —3tanx.cot ™ x- [gj

2
5T 3tant E_tantx
2| 4 2
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Inverse Trigonometric Functions

L L IR Q.6 ?3)
~(tan™x) + (cot™x) e |
2 8 cost 3 cos| tan [ 2| |+ Zsin| tant[ 2
10 3 5 3
~ K e[i Zj 3 3
Q4 @
Xty = Xy 9 8 25
(1)1 = X*(1*1) =cos?| 50 25/ =cos?| 50
O+)*1 = X*(2)
(x2+1)2+1 = x2+8 RN
X2+ 1=t =cost|l2) 3
t2+1 = t—1+8
£-t-6=0 Q7 (O
t?-3t+2t-6=0 .21 Tn ¢ 3n
- int | sin— 1| cos— ! an—
t(t-3)+2(t-3)=0 sin ( 3j+cosr ( 6j+tan tan( 4j
t+2)(t-3)=0 N
x?+1=-2(not possible) ow,
x+1=3 — (E)_ Zn_=
2= 2 snisn(=) =n-— =73
4+2-2
i ) 7
25'”_1(4+2+2j cos? cosﬁ —on— = o
6 6
4
2sim'(g B [S_nj_ 3n -n
. tan~'tan 4)> 2 - = 2
Zsinl(zj o,
. 2n 3n
o sm‘{s' n?j +c0s™ cos— + tan'tan 4
2 X g = 5
Q5 @ _Un
12
COS(37T+34TCJ—1 Q8 &)
-1 —
tan —a an‘l( 1 zJ:ta”_l (n+D)—-n
sm(4) 1+n+n 1+n(n+1)
=tan(n+1)—tan?'n
50
1_(_0053”) So, . (tan*(n+1)—tan™n)
-1 4 n=1
~ten 3n = tan51 —tan 1
sin—
4 50 1
cot tan™| ————
(nz_:l[ (1+n+n2Jj j
2008 T = cot(tan™'51 —tan 1)
_tan™ 8
. 3n 3n 1
2sin—cos— = — -
tan(tan—51-tan"1)
b [ cot 3n =1+51><1=5_2=§
BCRR iy 51-1 50 25
Q.9 )
., 3t -n ,
o7 g T g o[ X5 =3x+2
8 8 f(X) =9n l(mj Doman
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Q.10

x2—3x+2> x2—3x+2<
X2+2x+7 X2+2x+7
2X2—x+9>0andbx>-5=x>-1
XxeR

Hence, Domainx € [—1, )

@

Inverse Trigonometric Functions

= 2k*—4=5k>-5

cosix—2sin! x =cos?2x =3k*=1=k? ::—13 ...Putin(1)
coslx—Z(g—coslxj:coslzx 2(k2_2)
—b=—"—/_1-5-1-4
CoS™X —r + 2c0s™ X = cos™ 2x k®-1
3cos™ x =1 +cos™ 2x -(0) b 4
c0s(3cos™x) = cos(rt + cos™'2X) s 12
4x3—3x=—2X k® 21
1 3
A3C=x=x=0, iE Q12 (2
All satisfy the original equation snx _cos'x _,
11 X B
sum=-=to+—==0 "
2 2 sSnTxXx=Aox
Qun 12 cos'x =AB
cos (sinx) = cos (COS’lvl—X2)= 1-x? - L=
sin"'x+cos X:E
-1 2 1 1 1
cot(tan V1-x ):cotcot (/ 2]: = po_ T
\/1—X \/1—X 2(a+B)
. X N1-2x?
= c0S sml[ j = sin‘(znocjzsin(%in‘lx)
J1-x2 J1-x2 o+p
=2sin(2sinx) cos (2sinx)
1-2x°
> —K :4x\/1—7(1—2xz)
\1-x?
= 1-2=k¥(1-x?) Q13
= (k2-2)x?=k?>-1
Sol. tan(2tan™ 1, sec’lﬁ +2tan™ l)
- k2—1 5 2 8
1+1
4|5 8 41
:>0L =tan| 2tan 1 +tan—| =
1——
40
p= \/ =>p*=
=tan [Ztanl (1—3'} +tan™ (ED
1 1 k?-2 39 2
St =2 &=
o> B k’-1) B 1
3
1 1 « 1 3 (1
Sumof roots= 5+ 5+ =b ten) tan™) ——= |+tan [_j
o’ B° B 1_} 2
2(k*-2) b o
- ——1=
k?-1
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Inverse Trigonometric Functions

Q.14

1-t* 3
3t=2-2t

22+ 3t—2=0
22+ 4t—t—2=0
(2t—=1)(t+2)=0

tane:1
2

1+a?2=5+502-100
402-1000+4=0
202=50+2=0
(20-1)(0—2)=0

oczl,(x:Z
2

5

1
8

E+8}

:16><§ =130
8
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Matrices

MATRICES

EXERCISE-l (MHT CET LEVEL)

Q1 Q4 .
[2 0} {_1 1} Itis obvious.
2A +2B = L A-2B=
2 2 0 -1 Q5 )
11 coso. —sina |[cosp —sinf
Onadding,weget3A={2 1} Clearly, AB= sina  cosa || sinf cosp
1/3 1/3 _|cos(a+B) —sin(a+B)| _
A:{2/3 1/3} _Lin(wﬁ) CoS(OHB)}_BA (verify).
Q.2 © Q6 @
For two 2x2 matrices, A&B 2 _ _
(A-B)<(A+B) A +4A-51 = Ax A+4A-5I
=AxA+AxB-BxA-BxB 1 2 1 2
= A2 2 = X +4
=A"-B°+ AB-BA 4 -3| |4 -3
Hence,(A-B) (A+B) = AZ + AB — BA— B2
" 1 2] 10
Q3 (9 4 -3 01
ab (9 41 [4 87 ([50
=/cd = + C1ol”
LetD -8 17 16 -12| |0 5
ef
[ 9+4-5 -4+8-0] [8 4
12T T-1-2TTab | -8+16-0 17-12-5]| [8 O
~A+B-C=|32 0 5||cd 2 1
=4
25 31 ef |:2 O}
Q7 @
1-1-a 3-2-b 00 ASA?=0,Ak=0 4 k>2.
=|3+0-c 2+5-d|=|00 Thus, (A +1)©=1+50A = (A +1)*—~50A =|
.. a=1,b=0,c=0,d=1
2+3-e 5+1-f 00 abe + abd + bed + acd = 0
—a=0=a=01-b=0=b=1, Q8 @
3-c=0=c=3 7-d=0=d=7, {“ P }\/E
5-c=0=e=5 6-f=0=f=6, 7
a a 10
o1 A R N
~D=|37
56 :>a2+ﬂ7/ =1
Q9 (b)
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Matrices

A and B are square matrices of same order.

Q21 (3
Let A= 11 Weknow that if all the elementsbelow thediagonal in
111 thematrix are zero, thenitisan upper triangular matrix
Q22 &
, |1 1(1 1 11
A" = =2 =2A 1 2 3 6 11 7
1111 11 A=|-2 3 -1 :>A.A:A2: -11 4 -11]|,
Agzz{l 1} A4:23[1 1} 3 1 2 7 11 12
1 1) 11
2 02 A _ DA 100 15 11 7
=2°A N =0 1 O then A?+9l=|-11 13 -11
.An:2n—1|:1 1} oo 1 7 11 21
N 11
Q23 (2
A0 _ 9l00-1 A L AL00 _ 599 A (A—2I)(A—3I):{21 21}{11 22}:{8 8}:0
Q10 @ Q24 (4
i i 0 -1
R(SR(t) = CO_SS s CO_St snt Given, Matrix AZL 0}
—SINS COSS —sint cost
We know that
cos cost—sinssint  cosssint+sinscost . 0 1o -11 -1 o
. . . . A°=AA= = .
—sinscost—cosssint —sins sint + coss cost L O}L 0} {0 —1}
) Therefore
cos(s+t) sin(s+t)
_| =R(s+1) -1 0T [¢2® o
—sin(s+t) cos(s+t) A¥ = (A?)?® = =
on 0 -1 0 (-1°
Q12 {1 o}
Q13 (1) =
Q14 (4 01
Q15 (4
Q.16 (4 Q25 (3
Q17 (O Given AB=A , .. B=| =BA=B, . A=l
10 010 0l 1 0 0 Hence, A2=A and B2=B.
A’=AA=|0 1 0|0 1 0|=|0 1 0|=I 0.26 )
ab -ljja b -1 001
Q18 4 71 2]°| [3s
SinceAB=0 ,evenif A=Oand B=O . o 2 1||*7|a0l;
Q19 (1) 5
Since (A +B)(A-B)=A%-B? 351 T8l 43
By matrix distribution law, {40}{4}{44}
=A’-AB+BA-B?=A?-B?
=BA-AB=0=BA=AB Q27 ()
Q20 (@
A +B isdefined = A and B are of same order (0 0 -1
Also AB isdefined = Number of columnsinA LetA: 0 -1 0
= Number of rowsin B 1 0 0
Obvioudly, both simultaneously mean that the matrices
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Check by options.

Matrices

It is afundamental concept

36 (3
(00 -0}(0 0 -1 ° (_)A ATY = AT _(AT)T
(i)AZZLO 1 o“o 1 oJ = (A-AD) =A-(A])
-1 0 oJl-1 0o o0 = AT-A[v (AT =A] = ~(A-AT)
S0, A — AT isaskew symmetric matrix
(1 0 0 Q37 @
A2=l0 1 0|=1 In A~ the element of 2nd row and 3rd column isthe
001 Cy, element of thematrix (c;) of cofactorsof element
of A, (dueto transposition) divided by A =|A |=-2
(-1 0 0)
o (Dl=0 -1 0|=A
iy Y A | DMy _~(-2)
0O 0 - .. Required element = > = = =-1,
(iii) |AF120= A" exists. 11
(iv) Clearly A, isnot azero matrix. where M, =minor of c,, inA= L O}:O—Z:—z
28 (2 Q38 (O
Q @ Q39 (@
0 -1 2 Q40 (4
A=l1 0 -5|=-A Q4l (3
Q42 @
-2 5 0
Q43 (2
Q29 (1 Q44 (4
Q30 @ Q45 @
Q31 4 All the given statements are true.
Q46 (D
Q32 @ SinceA issymmetric, thereforepo™ — A -
12 3 Now (A")" = (AT)" = (A)"
(@) Matrix 4 5 benon singular, SOAD |salsoawmmetr|.cmatr|>f. .
3 A Q.47 (1) Every skew symmetric matrix of odd order is
singular. So option (1) isincorrect.
1 2 3 Q.48 (1) Inaskew-symmetrix matrix &; = —a; ~i,j=12,3
only if 5 6/#0 forj=i,a,=—a; = a,=0
A5 = each .
= 1(25-61)—-2(20-18)+3(4L—-15) = 0 0 4 5
= 25-6h—-4+12h-4520 Hencethematrix | 4 0 6 is skew-symmetric.
=>60-2420=> L =4 -5 0
Qs © . Q4 @
By inspection, A’ isamatrix of order 3x 3and B’ isa If Ar thenorder of A+ will besameto order of
matrix of order 3x 2. Therefore multiplication of these A=A ' A
matricesisdefined. A. Soitisasquare matrix
Q% (3 Q50 @
A'=[1273 12 -3
1 12 3 s, L]0 2 =1
00 1
Therefore AA'=|2([123]=|2 4 6
3 369
Q35 (2
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Matrices

L adi(A)
A=
Hence, 1A =

1 -2 7
A't={2 1 -2
-1 1 1

Hence, element z = 3.

Q51 (@
A -1 4
-3 0 1|#z0=Ar=#-17
-1 1 2
Q52
As LI, =1, ,therefore I;' =1, .
Q53 (2
Thegiven matrix isaskew-symmetric matrix
[~ A" =-A]
Q54 ()

3A%+2A%+5A+1=0=1=-3A%°-2A%_5A
= |AT=-3A?2-2A-5]
= A7 =—(3A%+2A +5I)

Q55 (1)

010
A=100 = |AE-11+0)=-1
001

= A,;=0A,=-1A,=0
Ay=-LA,=0A;=0
A;=0,A,=0A,=-1

}A
Q.56 ©
[M@)M B)]*=M@B)*M (o)™

ar_(A)
= A

o+ O
o O P+

0
0
1

cosa sna O
Now M(a)'=|-sina cosa O
o] 0 1
cos(-a) -sin(-a) O
=|-sin(-a) cos(—a) 0_ M (=)
o] 0
of-f) 0 -snp
M-B)"=l 0 0 0 |=M(-p)
-sn-g) O cog(—f3)
of-f) O —snp
= 0 0 0 |=M(-p)
—sn(-) 0O oog(—f3)

Q.57
Q.58
Q.59
Q.60

Q.61

Q.62

Q.63

[M(@)M(B)]" =M (-B)M (-a)

@)
@
@
@

It is obvious.
@
3 -3 4
LetA= 2 -3 4
0 -11

Then, A, =1LA,=-2A,=-2
Ay=-1,A,=3,A;=3
Auy=0,A,=-4,A;=-3
A, A, Ay 1 -1 O
adj(A) = Ay, Ay Ay =12 3 4 .
A

A 2 3 -3

>

23 33

®
K=[AT =2

@

L ai(A) i
=——72=-_—"_adi(A
TR

L Ako0-10-9)+20-6)=8-10

42
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Q.64
Q.65

Q.66

Q.67

MATHEMATICS

|AlE-2%0
All A21 A31
AdiA=|A, A, A,
Al3 A23 A33

AL=ED"O-BW =1
A, =8A,=-5A,=1A,,=-6
Ayy=3,Ay=—1,A,,=2A,=—1,

101 -1 [12 -1/2 U2
at-tlg 6 2||la 3 4
' |5 3 -1 |5/2 312 1/2

(D)At=A?, because pA®=].
@

SinceA.A =l , therefore ot — A .

@

111
IAEI0 2 =3 _y3 q6]+1-4] =5
2 1 0
3 011
Boag A=| 6 2 3
4 -3 2
5 5 5
B0 10 -15|=5A L o
10 5 0
- g 1Bl
Cadi B |C| =l B, & =1
©)
12 3
A=|14 9
18 27

Letc; beco-factor of g inA.
Then co-factor of elements of A are given by

Q.68

Q.69

Q.70

Q.71

Matrices

18 18 14
2 A -4
IAl=|-1 3 4
=
1 -2 -3

=
| Adi(A) |= 36(48 — 36) + 30(=36+ 24) + 6(108— 96)

=|Adj(A) =144

)
|A|di(A) =|A P
@
Al 0 0
Weknow A2di(A)=| 0 |A] 0
0 0 |A]
IA] 0 0
_IALladi(A)=| 0 |A] O
0 0 |A]
S Al adjlA= AP

Now guestion gives |[A|=8

. 8.adj|A|=82 or adj|A | 8 = (2°)* = 2°

@

Since A% =0 (Zero matrix) and 2 is the least +ve

integer for which A2 =0 .
Thus, A isnilpotent of index 2.

©)

A?=A.A=

o

.. Matrix A isnilpotent of order 2

1/42 1/&}{1/& 1/«5}
~1/V2 -2 -2 -2

EXERCISE-Il (JEE MAIN LEVEL)

|40 =36,C,, = 2 31 30
“olg 27 T T* |8 27| Q1 3
Itisal2 elements matrices. Possibleordersare 1 x
c. 2 3 6 12,12x1,2%6,6x2,3x4and4x 3.
1714 9| .. Number of possible ordersis6.
19 13 13 Q.2 @
C,= =-18,C,, = =24,C,, = =—6
127 127 19
43




Matrices

Q.3
Q4

Q5

Q6
Q7

Q.9
Q.10

Q.U

2 +x x 0 -1] [o -2
3 2/Y|-x+1 x|T|s 1|7

(%2 1x x-1 0 -2 x2+x x-1
= =
—X+4 xX+2 5 1 —X+4 X+2

s 7]

On comparing
X2+X=0=>x=0,-1x—-1=—-2=>x=-1
—X+4=5=x=-1x+2=1=x=-1
Hencethevalueof x is—1.

@ Q.12
@
Matrix A hasorder (3 x 1) and Matrix B has order (3 x
3.
So multiplication AB isnot possible.
@ Q.13
3ax? 3bx? 3cx?
AB=| a b c
6ax 6bx 6¢cXx
Now , tr (AB) =tr (C)
= 3ax?+b+6cx=(x+2)2+2x +5x?
3ax?+6¢c+b=6x2+6x+4
= a=2,b=4,c=1
= at+b+c=7. Q14
@
@
(©)
(©)
@
A=diag (2,-1, 3), B=diag (-1, 3, 2) thenA2B =7
2 00 -1 00 -
A=|0 -1 0|;B=|0 3 0 Q
0 0 3 0 0 2
4 00 -4 0 O
010 0 .
A2= , AB= =diag (-4,
0 09 0 Q16
3,18)
@
, {2 o}
A=lo 2 Q.17

e |40 22 0 . 2% 0
AP=AZA=10 4170 22|'AF |0 23|
. 24 0
A=l o9

31 31 0 X
(A8+A6+A4+A2+I)V:{ }:{ }{}

62 0 31|y
31
~ 62

= x=1y=2
SoOXY=2
)
GivenA?=A,
Now
(1+A)2R-7A
3+ 312A+3IA%+A3-7A = | +3A+3A+A-7A
=1+0=1
@

We have,

MR AR

a?+By 0 | 1 0 ,
= 0 a2+BY “lo 1| Do tBy-1=

0

@
AN+1=(B+C)N+1
We can expand (B + C)N*! like binomial expansion as
BC=CB.
(B+C)N+1=N+1COBN+1+N+1ClBNC+N+1CZBN—1
C+.e +CN*L,

=B"*1+(N+1)BNC+0+0........ +0=B"(B+(N
+1) C).
@
A2-2A +1=0
= (A-1*=0
A" =(A-1+D)" ="C (A-I)"+...... +'C L (A-D2-T"
-24 nCn_l(A —I) . In—l + nCn In

=0+0+......... +0+n(A-D)+1 =nA—-(n-1)I
©)
AB=B
Premultiply both sides by B
BAB=B?* — AB=B? = B=B?
Similarly
BA=A =ABA=A2 =BA=A? = A=

A2
©)

For upper triangle matrix, elements below diagonal are
zero

44
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Q.18
Q.19
Q.20

Q.21

Q.22
Q.23
Q.24
Q.25
Q.26

Q.27

Q.28

Q.29

Q.30

" a”.:O,Wherei>j

@
@
©)
Traceof A=a, +a,+a,

For skew symmetricmatrixa, =a,,=a,,=0 Q31
Traceof A=0
(b)
|A]=0asthematrix A issingular
1 3 A+2
“JAll=2 4 8 |=0
3 5 10
Apply R, > R,-2R,and R, - R, —3R,
abd exoabd, Q.32
—2(4-3\)+4(4-2)0) =0
=8-2.=0=>A=4
For ), =4, the second and teh third column are
proportional.
@
(4)
3
(4)
@
p’—=r, p=3 q=2r=5
@
|3AB|=IA|.[3B|,,, =(-1).3°|B] =—81
@
Let a=cosx, b = cos?y, c = cos?z,
IA|=0
Q.33
a b c Q.34
.35
_, |bPca =(a+b+c)836
c ab '
Q.37
1 Q.38
[—{ (a=b)*+(b-c)* + (c—a)z}} =0 Q.39
2 Q.40
= a+b+c=0 = x=y=z=1 Q.41
@
FromgivendatalA|=2*
= adj (ad) A| = (2%) = 2%
Q.42

{CWG‘JU)A)}_Z%_WJ
= 7 N7 (7Y 7 [T7
(b)

MATHEMATICS 45

Matrices

200 100
|Al=|2 2 0|=16|1 1 O
2 2 2 111

(b)
Weknow thet, M(adj M) = M|
Replacing M by adj M, weget adj M [adj (adj M, =
det (adj M) |
=det (M) M-1[adj M) = o2

1 .
oM =—adj(|\/|)}
T
= o M~[adj (adj M)] = a2
— M-[adj (adj M)] = ol
But M-{adj (adj M)] =KI

Hence, K=a
©
3 -2 4
— _ 1 . .
A= 2 1) g AT =Zadi(A)...()
0 1 1 k
Loadi(A) .
Also, we know A= |'£‘l )(”)

. By comparing (i) and (ii) | Al = k

3 -2 4
=|A=1 2 -
0O 1 1

=3(2+1)+2(1+0)+4(1-0)=9+2+4=15

)

)

@

@

©)

@

2

2

@
Statement-3 isfal se as system of egation solution rest
an obivous

@
AsA isan orthogonal matrix, AAT =I

1 2 2 1 2 a
:>}21—2.l212:

100
010
a2 b 2 -2 Db 0 01




Matrices

1 2 2|1 2 a 100
:>121—2 2 1 2010
a2 b2 -2b 001

_[7 0].[3 0
2 8445 3
_[7+3 0+0]_[10 ©
“l2+0 5+¢3|7|2 8

9 0 a+4+2b ng[lo o}z[s o}
= 0 9 2a+2-ab 2l2 8] [1 4

_ 2 2 Again,
a+4+2b 2a+2-2b a"+4+b 2Y = (X +Y) +(X—=Y)

[7 0] [3 0
00 B
=0 9 0
[7-3 0-0]_[4 O
009 —[2—0 5—3}—[2 2}
=a+4+2b=02a+2-2b=0and g2 + 4+pb?>=9 Y=E[4 0}[2 0}
—a+2b+4=0a—b+1=0and g2 + 2 =5 212 2] [1 1
=D a=-2,b=-1 A5 0 2 0]_[7 o
3X‘4y‘3[1 4}4[1 1}‘[—1 8}
EXERCISE-I Sumof element of 3x—4y =7+0-1+8=14
o1 (m) Q.4 0007
[_0 X X G|Ven,A:|:_ll g:l
AT=2y y -y
z -z z CA?—pa=|1 Off1 O]_[1 O
T -1 7 -1 7| |-8 49
. 0 x x|[0 2y z 2x? 02 0
A'A=|2y vy -ylx y -z|=| 0 6y O . o1 0 10
7 2 72 |x Zy z 0 0 3 Again, 8A+kl =8 1 7+k0 1
T 2 2 1
A'A=I=2X"=1=X =3 [8 o0 +k 0|_[8+k 0
“1-8 56|"|0 k|| -8 56+k
1
3 =1=7"==
A2 1 0] |8+k 0
: NP A RCE
6y2:1:>y2:% = 1=8+k and 56+k=49 = k=—7
, . o, 111 11 Q5 0044
X"+y +z :E+§+EZE+E:1 A2=4A —5|
A3=11A —-20I
AS=A3 A3=44A —205|
Q2 0001 06 2008
B [1 0] [3 2
2x=(2x+v)-v = & 9]-[3 ] X,
Let X =| X,
[1-3 0-2] [-2 -2 Xs
=|-3-1 2-4|7|-4 2 .
SJXTAX=0
:%[;21 :g}:[j :ﬂ = 2, X} + 8, X5 + 2 X5 + (8, +2,) XX,
Q.3 0014 +(a13+331)X1X3+(az3+a32)X2X3=0
X+Y +X-Y=2X Thisistrue X,
S 2X=(X+Y)+(X=Y) a,—a,-a,-0
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Q.12

Matrices

2

a,+a, =0 Q13 (¥
a3 +8y =0 Q14 (2
Q7 izj;afo Q15 @
' A , . Q16 (@
issymmetric = AT=A 017 (1)
3 2x+3 3 x-1 18 (1
:[x—l x+2}=[2x+3 x+2} 8.19 8
=X-1=2X+3=>x=-4 Q20 (4
Q21 (3
Q22
Q8 5 Q23 (3
4 2 2 Q24 (1)
10At = [—5 0 k] Q.25 (2)
1 23 Q026 (4
Q27 @
4 2 21 -1 1
—10AA = [—5 0 kHZ 1 —3] Q28 (D
1 -2 3[|1 1 1 20 0
—-5+k=0 G|Ven,A(ajjA)=‘O 20‘
§k=5 (.. comparing a,, element on both
sides) 201 0‘:20I
01
Q9 5
A A)=IAF  (orderis?) We know that
|A(adj A)| =5 S 1
IA(adi A= 25 A ‘|A|adJA
= AadjA) =|A|l
Q10 gg = = 201 =|A|l
(matrix) =0 ~ A]=20
(si nEJ(Zk) —(COSEJ(ZtanE] =0 Q®
2 3 4 1 -1
1 Given,A={2 3}
2k—5(2)=0
2k=1 . AZ:A.AZB _?jt _:ﬂ
!
2 [1x1+(-1)x2 1x(-1)+(-1)x3
T 2x1+3x2  2x(-1)+3x3
PREVIOUS YEAR'S )
[1-2 -1-3] [-1 -4
MHT CET “|2+6 —2+9] |8 7
8; 8 Now, A2—4A + 5|
Q:3 )] :'—1 —4}_4[1 —1}5{1 o}
Q4 @ 18 7 2 3 01
5 1
8-6 8 :'—1 —4}_[4 —4}{5 0}
Q7 (@) |8 7] |8 12] [0 5
Q8
Q.9 ) :'—1—4+5 ~4+4+0] [0 0 o
Q10 () | 8-8+0 7-12+5] |0 0
Qu @O
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Matrices

Q30 Alsogiven,A+AT= /21,

1
Wehave,A={_1 J coso  Sina coso.  sina]'
+
—Sina cosa | |—Sina cosa
1 1|1 1
2 — —
Now, A2=AA=| 4 1[4 1 _slt o
B 01
1+1 -1-1 2 2
= 1-1 141 = 2 2 - coso.  Sino . coso. —Sina
—sino.  cosa sino.  cosa
2 2|1 -1
3=A2 -
andAS=AZ.A=| , |l 4 4 Nz o
_[2+2 _2_2}{4 _4} 0 V2
-2-2 2+2]|4 4 [ cosa+cosa  sino-sina
S AR=4A | -sina+sino cosa +cosa
Q31 (1
NEE: | N2 o
T3 2 andA adj A=AAT 0 2
) 2 b 2cosa 0 J2 0
-3 5a 0  2cosa 0 2
5a -bl[5a 3 On eguating the corresponding elements, we get
Now, AAT= |:3 2:||:_b 2:| 2coso = \/E
25a° +b° 15a-2b ~ cosq= Y2
=|15a-2b 13 2
5a -bl|[2 b 1
- = cosa= "=
o 2
and A.adJA—{3 2}[_3 54 V2
[10a+30 0 :.a=%,whichissatisryingo<a<g.
B 0 10a+3b Q33 (2
-+ A (adj A) = AAT is given, so equating the two Here, (AB) (AB) =A (A’B) B=A°B?
expression, we get Now, (AB) (AB) (AB) = (A’B?)AB
=(AB’AB) AB(BA) B=A%B(A?B)B
25a° +b* 15a-2b| [10a+3b O =ABAB*=A%A’B.B*=A"B?
15a-2b 13 0 10a+3b So, (AB)n:AZKL1 B0
wehave, 10a+3b=13and 15a-2b=0 = k=2°-1=1023
On solving, we get
) Q34 @
a=— =
Sandb 3 coso  Sina
° Here, A= —sino.  cosa
= Sa+b=5x 5 +3 Now, transpose of A
= ba+b=2+3 coso. —Sina
= Sa+b=5 A=|sna cosa
Q32 (2
. cos sin coso. —sSina || cosa  Sino
G|ven,A:{ -a a} A,'A:Linoc cosa || —Sina. cosa
—sino.  cosa
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B cos’ o +sin’ o
cosa.Sino —Sino.cosa

cosa.sino —Sino. cosa
sin o, + cos® o

53

So, A isan orthogonal matrix.

R o R
0 1)l0 -1 0 -1
o
. B=
0 -1

Sumof elementsof B=-1-5+0-1=-7

JEE-MAIN Q3 (@
Q1 (@ M{o —a}
1 2 2] o 0
A= /2 1 2 M2 = 0 -all[0 —-a _ &> 0 o
1/2° 1/2 1| o 0lla o0 0 —o?
_ _ = (1-M?) =(1+a?)
1 2 41 2 4 (49 )=(+a)
a2 1 2fjy2 12 N=> Mk
1/4 1/2 1|[1/4 1/2 1 ket
49
(3 6 12 :;(‘0‘2”
La_|312 3 6| _5a o
13/4 3/2 3 = (—a®) I
k=1
= A3=3%A
=SATHAI+ A+ LAY 2 (-a®)* -1
=3A+3A... 3A R )
s [_339 —ﬂ A 1+ a?)N = (~a* (0 +1))
=2l =a’(a® +1)I
:{310—3}A =2=0a’(a®+1)
2 Only possiblewhena =1
Q2 Q4 (2
— ) 1 det (adj A) = |A[**
A:[ _j:adj(A):( j =|AP (=3, order)
0 2 0 2
1 0 a
B =1-°C,adi(A) +° C, (adjA)’.. C, (ad(A))° Al=|-1 1 0=(1+a?)
-a 0 1
=° Cy(adjA)” =° C adjA + °C, (adjA)?..” C, (adj(A))° det(a )
Now et(adj)A)= > (1+a
_5C, (adjA)° - °C, (adjA)*-1* +...— T, (adjA)®I 2, det(ad)A) = 5 (1+2")
B = (I -adjA)® =22+ 42+ 6°+ 82+ 10P+ ......+ B0?
=212+ 22+ 3+.....+ 257
1 0) (2 1) (-1 -1
| —adj(A) = - = 1)(2n+1
w-(y 1o 5)-(o 2 BLIETCEY
-1 -1)(-1 -1) (1 2
— i 2: =
(1=adiA) [o —][o —1) (o 1] 22(25><26><51)
, (1 2)(1 2) (1 4 =22100=1001, =221
| —adjA)* = =
(1-ed”) (o 1](0 1] [o 1] Q5 (100
A?=|
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Q6

Q7

o ollo oo
R

b’=1=b=%1

—-a+ab=0

a(-1+hb)=0

b =1 and acan take any value
.. Total =100 elements

[100]
010
x=|0 01
00O
00
>(2_000
00O
o 0 0] [op O] [0 0y
Y=0 O+OOB+OOO
0 0 0 0O 00O
a B vy
:YZOGB
0 0 a
Y Y=
1 -2 1]
5 5 5
a By 1 -2 100
30a503?2010
00 o 1| 001
L S5 |
_g 20+B a—2B+y ]
5 5 5
0 a —20.+f
5 5
0 0 °
L 5

= Comparing every elements
a=53=10,y=15
(a—B+7v)=(5-10+15)2=100
(180)

ab
LetAzL d}ab,c,de{o,l,z&‘lﬁ}

Q.8

atb+c+d=p,pe{3,57}

Case(i)

a+b+c+d=3;ab,c,de{0,1,2,3}

No. of ways=3*4-1C, =20 D)
Case-(ii)

atb+c+d=5;ab,c,de{0,1,2 34,5}

No. of ways=°**"C, , =°C,=56 -2
Case-(iii)

atb+c+d=7

No. of ways=total wayswhena, b,c,d € {0, 1, 2, 3, 4,
5,6, 7} —total wayswhena, b, c,d ¢ {6, 7}

14 |4
No. of ways="*4"1C, = [|§+|_2
=10C, ~16=104 -~

Hencetotal number of ways= 180

@

a, a, a
A= Q 4, Ay
8 8p 8y
1 &, +a, 1 a,+a,=1
All= & ta, |= 1= a21+322:1
0 3 +35, 0 a31+332:0
1] [-1 a, +a;=-1
A0O|=|0| = a,+a,=0
1) |1 a +a,=1
0) (1 a,=1
AlO|=|1|= a,=1
1) \2) a,=2
Solving all the equations
a,=-2,8,=3
a31_ 1’332:1
a,=-1,a,=2
2 31
A=-1 2 1
-11 2
-4 3 1
A-2l=|-1 0 1
-1 10
X 4 -AX + 3, X, =4
(A-21) % |=|1|= x+x=1
X 1 Xtx=1

A =-13)-1(-4+1) =0
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Q.9

Q.10

=-3+3=0
4 3 1
A=|1 0 1|=13-1(4-)=0
110
-4 4 Qu
A,=|-1 1 1|=0
-1 1
-4 3 4
A,=|-1 0 1|=0
-1 11
" Infinite solutions Ans.
@
0 -2
A=
2 o}
, [0 -2][0 -4 0
A? = =4
2 0 -4
A3—_ -4 0 -2] [0 8
|0 -4j|2 0] |-8 0
, [0 8][o 2] [16 ©
A= =
-8 0J|2 0] |0 16
M= A= A2 AL AT
=—41+161-251 + ..... upto 10terms
= —4{1-4+4+ ... upto 10 terms}
Q.12

:_4|{(_4)10_1} A iao_g -
-4-1 5

M=Al,AeRvV

N=Y" A*I=A+A3% _.uptolOterms
=A—-4A+16A+...upto 10terms

:A{(_4)10_1}=—A{41°—1}: A
-5 5

N =pA
MN2=(kA2?) = -4kl = symmetric matrix

Ans.

©)

Giventhaa AT=A,B"=-B

(1) C=A+-B*

C'= (A4—B4) :(A4)T_(BA)T:A4_BA: C
(20C=AB-BA

C'=(AB-BA)"=(AB) —(BA)"
=B'AT-A'B'=-BA+AB=C
(3) C=B5-AS
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Matrices

CT=(B5—A5)T=(B5"—(A%)T=—B5—AS
(4 C=AB+BA
C'=(AB+BA)"=(AB)" +(BA)"
=_BA-AB=-—C

.. Option 3isnot t rue

)
Point on planeis (3,4,7)

=VL1><(\7L2><\7|_3)
:(9?—]—sk)x((2f+3]+5|2)x(3f+7]+8|2))
(9,1 —5)x(~11.-1,5)

ik
=9 -1 -5=(-10,10,-20)

11 -1 5

A, =(1-12)

Eq. of Plane: 1(x-3)-1(y +4) +2(z-7)=0
P:x—y+2z=21

Now d of (2,5, 11) from plane

d:[2+5+22—21j

Vi1+1+4
d:(ﬁj
6
6 3
)
2 -1 -1
A=l1 0 -1
1 -1 0
1 -1 11100
1 -1 -1/+/0 1 0
=B+l=|1 1 1| [0 O

B |
A?=(B+)2=B%+2B +|
1 -1 -1][1 -1 -1
B2=|1 -1 -1||1 -1 -1
1 -1 -1{|1 -1 -1

AZ=B+I=A B* =




Matrices

Q.13

Q.14

Q.15

Q.16

A:=B+I|=A

| B‘=-B
Ar=A B5=B
=A"+(WB)"=A+W"B"=A+B
=nmust beodd & mult. of 3
=ne{391521,.....,99

Total valueof n=17 Ans.

€

S

0 1
DR, >R +R; L _J possible

B*=—B?=B

1 _
-1 2
(3) Optionisnot possible

-1 2
AR, >R +2R;; {_1 3} possible

QR <R, { } possible

@
AB=0= |AB|=0
|A[1B|=0

7\

IA|=0  [B|=0
If JA|= 0, B =0 (not possible)
If |B] =0, A=0(not possible)
Hence, |A|=|B|=0
= AX =0 hasinfinitely many solutions

Q.17

(282)

a; a, ag
A=la, a, ay ;aije{oll}
8 8y A8y
3a;=2,357
-(I:gtd matrix =°C,+°C,+°C, +°C =282

>

N

[

o
o o

0}/0
10
0|1

o O

0
1
0

= O O
o -

B,=
=A+2|
B.=Adj.(B_)

n n-1:

B,=Adj(Adj(Adj(Adj B)))
_ |BO|(I'|71)4
_ |BO|16

10][200
0 1(+|0 2 0
00l |00 2
210

=[0 2 1

10 2
=2(4-0)-1(0-1)

B9 =3

@

A+B={ﬁ+1 0}

3 «a

(A+B)2— B+1 O|[p+1 O
| 3 a 3 o

:{3(&;)125% 0?2}

S P P

s P

{2a1+ 4 _Zjl} ) {3((5: ;)42-1) 0?2}

gz_|P 1|P 1
1 0//1 0
{3%1 B}z (p2+1)° 0
B 1] |3(B+1)+30 o’
~B=0a=-1=aqa,
lo, — o, =[1-(-1)| = 2

Mut Cer COMPENDIUM
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Q.18

@

4

- A_ 1
Gven 2=,

Matrices

8l -100 +121 102
[111]| 144 +169 -196 |=[111] 117

-225 +256 +289 320
Now aA” +BA =2
=102+117+320= 539
1 2|1 2 p 1 2 5 10
o =
2 5|2 5] "2 -5 01 Q21 @
S 14 2= B 2] [20 ’ ax—(e” -1) i ax—(e” -1)
—2+10 -4+25| |-28 -58| |0 2 p=lim ax(e" 1) =0 2
30 8] [B 28] [20
8o 2la| |28 -58| |0 2 (3x)°
aX+1-91+3X+—
30 +B=2.(D) , 2
~80+28=0 =lim e~
do=.... ()
D& ox?
—3a+4a=2  X(a=3)-—-
a=2 = 3ax?
ain(2)
4)(2:[3 =u0-3=0=a=3
Now,o+B=8+2 &B—Iimixz——l
a+p=10 ’HOZ(QXZ) 2
Q.19 [5376] 1 5
A:[aij]3x3 :>(X,+B:3—E:§
tr(AAT)=6
) ) ) , Q.22 [50]
ap+a,+a+___+a;=6 b
So out of 9 elements, 6 must be equal to 1 or —1 and Az{a }
rest elements must be 0 Possible cases cd
3(0's) & 6(1's) = Total case="°C, GivenA=A-!
3(0's) & 6(-1's) = Total case="°C, A=A ALz
3(0's) &3(-1's) & 3(1's) = Total case=°C,x °C,x°C,
3(0'9 & 4(-1'S) & 2(1's) = Total case=C,x °C,x°C, {a b}{a b}[l 0}
3(09 & 5(-1'9 & 1(I's) =9C,x °C,x 'C, ¢ dljc d] |0 1
3(0'9) & 2(-1'9) & 4(1'9) =°C,x °C, x “C,
3(09) & 1(-1's) & 5(1's) =°C,x °C x °C, . a+bc ab+hbd (10
Total No. of matrices=°C,[1+ 1+°C_+°C,+°C_+°C, ac+cd be+d? 0 1
+°C ]
_ s@+bc=1 (1
=9
:5%[62”0”5%”5%] ab+bd=0 -2
ac+cd=0 e
bc+d?=1 (4
Q% @ (1)~ (4) gives
1 9? 10?7 112 &—-d*=0
' Case—|
1 -15° 16" 17 a+d=0= (ad)=(-11),(0,0), (1.-1)
(i) (@d)=(-11)
9 100 17° . fromequation (1)
A'BA=[111]| 122 13 142 b“(;)CC: 11:2> bCz_gl_t,
2 2 2 =0, C=1zposspilities
-5 160 17 gt c=0, b= 12 possibilites
but (0,0) isrepeated
5.2%x12=24
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Matrices

Q.23

Q.24

Q.25

24 -1 (repeated) =23 pairs

(i) (ad) =(1,-1) = bc=0— 23 pairs

(iii) (ad) =(0,0) = bc=1
=(b,c)=(11) & (-1,-1), 2 pairs
Case-II

a=d

from(2) and (3)
a=0thenb=c=0

&=1

a=x1=d

(ad)=(1,2), (-1,-1) > 2pairs

.. Total =23+ 23+ 2+ 2="50 pairs

@

|A[=-1

(A +1)(adi(A) +1)[ = 4

= [AadjA+A+adjA+1|=4

- AadiA=|A|l = 1 +A+adjA+1|=4

{a b} [d —b}

+ =4
c d -c a
a+d O

=4

{ 0 a+dﬂ
(a+d)==x2
a+d=2
(2
A=

s 2L A= 4B+ 20
Characteristic equation |[A—1I|=0
OrA~(traceA)A + |A[ 1= 0
= |A|=18
[42]

a p Y
A=| o2 Bz yz
B+y y+a o+f

A=(o+B+7) (0B B-7) (v— )
dt(Adj.(Adi.(Adj.(aAd].A)))
(a=B)°(B-7)"°(y—a)®

n-1)*

Al A

=
(@=B)° B-7"(-a)*

a+pP+y=12

Total number of solution=">'C, ="C =55

But o, , y hasto be distinct

Total =55- ((al areequal) + exactly equal))

=55—(1+12)=42
Note: 2 are equal

11 10 =§:3
2 2 6 =3
3 3 6 = 3
55 2 =_3

(=B B-1)"*(r-0)*

( OL_B > B_'Y,'Y_a)

=2%x3" (1)

— 232 X 316

So,A=1,+B& B?=

o o o
o o o
oo &

. B3=0(Null Matrix)
Ar=(l1+B)"
=1+"C,.B+"C,.B?

n(n-1 B2
2

I+n.B+

n(n-1)

1 na na+ ab

0 1 nb
0 O 1

.. na=48,nb=96
. —na'(nzb_ b) _ 5160-na

L 48)%6-b) 545

.. 96-b=88

.. b=8,a=4,n=12
n+a+b=24

[

[1+i 1][1+i 1
2 —
A=14 ofl-i o
i 1+i
2 —
AL -
i 1+i | [i 1+i
4 —
A=l S| ie1 -
1 0
4 — j—
A=lg 47!
A+l =A
n=1,5,09,....,97

= total elementsin the setis 25.
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Determinants

DETERMINANTS

Q.1

Q.2

Q.3

Q4
Q.6

EXERCISE-l (MHT CET LEVEL)

@

a-b b-c c-a
X-y y-z z-x|=|0 y-z z-X -0
p-q q-r r—-p| |0 g-r r-p

0 b-c c-a

[by C, > C+C,+C5]

©)

1 2
—4 36=1

‘ 3 6‘ ‘—4 6‘ ‘—4 3‘
- +
2-79

-7 9 29 2 -7

=1(3x9-6(-7))—2(-4x9-2x6)+3

(-4)(-7)-3x2)
= (27+42)-2(-36-12)

+3( 28— 6) =231
4)
6i -3i 1 Q.8
4 3 -
20 3 i
=6i [3i2+3] +3i [4i +20] + 1[12—60i]
=6i [-3+ 3] +12i?+ 60i + 12—60i

=—12+12=0=x+iy
- x=0

4
©)
(€)
1 a a| |0 a-b a-b?
1 b b?=|0 b-c b?>-c?|

1 ¢ c®l |1 ¢ c?

Q.9

R, >R, —-R,
by R, >R, -Rj,

0 1 a+b
=(a-b)(b-c)|0 1 b+c
1 c¢c ¢

MATHEMATICS 55

0 0 a-c
= (a-b) (b-0)|0 1 b+c|by R, >R,-R,
1 ¢ ¢

00 1
= (a-b)(b-c)(a-c)|0 1 b+c
1c¢c ¢

= (a-b)(b-c)(a-0).(-1) =(a-b)(b-c)(c-a)

@

1 o o lto+o’ o o
o o 1|=|l+to+o® o® 1
o 1 o lto+e’? 1 o
0 o o
=0 ®® 1(=0
0 1 o

@
by C, > C +C,+C4

1 3 5
wehave (9+x) I x+2 5 =0
3 x+4
0 1-x 0
— (x+9) 0 -(1-x) 1-x|=0
3 X+4

@

a+b a+2b a+3b
a+2b a+3b a+4b
a+4b a+5b a+6b

R, >R,-R
foy e 2R
3> R3-R;

Trick: Putting a=1=b . The determinant will be

a+b a+2b a+3b
b b b
2b 2b 2b

=0




Determinants

Q.10

Q.u

Q.12

Q.13

Q.14

Q.15

=0 Obviously answer is (d)

g w N

3
4
6

~N o1 b

Note : Students remember while taking the values of
a,b, c,....... that for there values, the options (a), (b),
(c) and (d) should not beidentical.

@

The cofactor of element 4, in the 2nd row and 34
columnis

13
—_ (_1\2+3
=(D78 0 I __r92)-3(8-0)+1.16} = 10.
0
@
We know that
a:l. bl C1 A1 Bl C1
AA'=|a, b, c,|.|A, B, C,
a3 b3 CS A3 BS C3
TaA, 0 0 A 0O
=l 0 XaA, 0 [=/0 A 0[=A°
0 0 aA;l |0 0 A
= A'=A?
Q)
It isafundamental concept.
(©)
C,, = (-1)**(18+21) = -39
C, = (-)*?(15+12) =27
C,=(-1)*°(-35+24) =11
@
_ 2 3|_ o |t A,
Minorof-4= | g ¢/~ 9=_4 g~

and cofactor of - 4= (-1)**(-42) = 42,
cofactor of 9= (-1)**(-3) = -3.

@

1 a a-bcl [0 a-b (a-b)(a+b+0)
1 b b?-ac|=|0 b-c (b-c)(a+b+c)

1 c¢c c?-ab| |1 ¢ c®—ab

R, >R,~R,
by 1R, >R, R,

Q.16

0 1 at+b+c
a-b)(b-c)|0 1 a+b+c|=0
_ (@-b)(b-0) ; o R=Ry)
1 c c-ab

(d)
ApplyingC, —C,and C,—C,, we get

25 21 219 4 21 9
15 27 198 |=|-12 27 -72

Det. =

Q.17
Q.18
Q.19
Q.20
Q.21

Q.22

21 17 181 4 17 11
(byC,-C,,C,—10C))

4 21 9
0 90 -45
0 a4 s [ByR,+3R,R,—R]
=4(180-180)=0
)
)
(©)
(@)
(©)
b?+c? & a
QAa=| b*> c*+a® b
c? > a’+b?
0 b?
=-2|b® ¢f+a® b® | byR, >R, —(R,+R3)
c® & a+p?
0 ¢ b e R R
_ olp2 a2 2 >Ry~
=-2/b° a 0 'byR3—>R3—R1
2 2
C 0 a

= —2—c?(b%a?) + b?(-c?a?)} = 4a’b?c? .
Trick: Puta=1,b=2, c=3 so that the option give
different values.

)

115 8 2 15 8
D,=[1 35 9[,D,=/4 35 9
1 25 10 8 25 10
3 15 8 4 15 8
D;=|9 35 9[,D,=[16 35 9
27 25 10 64 25 10
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5 15 8
D;=|25 35 9

125 25 10
15 75 40
= 25
225 125 50 Q.
= 15(3125) — 75(-7375) + 40(—32500) 0.26
= 46875+ 553125-1300000 = —700000
Q23 (2
y+z X Yy 2 1 1
ZHX 2 X| _ (x+y+2)|z+x Z X
X+y 'y z X+y y z
by R, > R;+R,+R
1 1 2 3 Q27
1 1 1
X+Y+2)|[x z X
= (x+y+2) by C -G -G, Q.28
Xy z
= (x+y+z).{(22—xy)—(xz—x2)+(xy—xz)}
= (X+y+2)(x-2)? = k=1
Trick:Put x=4,y=2, z=3,then Q.29
51 2
4 3 1|=57)-1(12-3)+2(8-9)
323
= 35-9-2=24
and (x+y+2)(x—2)° =(6)(-2)* =24
k=284
24
Q24 (2 Q.30
1+a 1 1
1 1+b 1 |[=X
1 1 1+c

Applying C, »>C,-C;, and C;>C;-C,

l+a -a -a
1 b 0
1 0 ¢

Onexpandingw.r.t. Ry ,

ab+bc+ca+abc=2
MATHEMATICS 57

Determinants

Given, at4ybt4ct=0

1

_+E+E—O
:>a b o = ab+bc+ca=0

= )\ =abc , (Fromequation (i)).

@
Takingout5from R, makes R, =R, .
@

3 1 1

_ _1_ 2 2
A=10 10" ol e Lcic,+0)
0 o’ 0}
(- 1+ o+® =0)
=3[0.0-0']=30*-n) =3o(o-1)
@

Put x =0, which givesanswer (a).

@
On expanding, —a(b-c) + 2b(b-c) + (a—b)(b—2c) =0

=_ab+ac+2b’>—2hc+ab-2ac—b*+2bc=0

>k -a=0=> b =a

@
4+x* -6 -2
-6 9+x® 3 |=x'(14+x%)
-2 3 1+ x?

=xx3(14+x?)
Hence, the determinant is divisible by x, x3 and
(14+x?) , but not divisibleby 5.

@
y+z X—-z2 X-Yy y+z X-z X-Y
y—2z z+X y-X| =| 2y 2X 0
Z-y Z-X X+Yy 2z 0 2X
R,—>R,+R, and R, > R; +R,

y+z X—-z X-Y¥
=4| y X 0

z 0 X

=4 (y+2)(x*) = (x = 2)(xy) +(x=y)(-2x)]




Determinants

Q.31

Q.32

Q.33

Q.34

Q.35

= 4 x%y + zx* — X%y + xyz — zx* + xyz] =8xyz

Hence k=8

&)

If risthecommonratio, then a, = a,r"* forall

n>1=loga, =loga, +(n-Ylogr= A+(n-)R ,

where loga, = A and logr=R .

Thus in A, on applying C,—>C,-C, and

C, > C,-C, ,weobtain C, and C, areidentical.
Thusa =0 .

4
The system of equations has infinitely many (non-

3 2 1
trivial) solution, if A =0 i.e,if |~ —4 1°[=0
1 2 -3

= 3(42-30)~A(6-2) +1(~30+14) = 0
= 1=5

@

Consider first two equations :
2X+3y=—4 and3x+4y=-6

2 3
Wehave A = 3 =—1=+0

-4 3 2 - 0
_6 =2 and Ay=3 6

S X==2andy=0
Now this solution satisties the third, so the equations
are consistent with unique solution.

@

Since the lines are concurrent, so

A =

X

¢/ m n

mn /|=0=>3mn-*-m*-n®=0

n ¢ m

= ((+m+n)(+m’+n°—/m-mn-n/)=0

= €+m+n=0[-.-£2+m2+n2>€m+mn+n]
(b)

For concurrency of 3 lines the determinant of
coefficients of equations should be

3 -4 -1
|8 -11 -33=0
l.e.

2 -3 2

Q.36

Q.37

Q.38

Q.39

Q.40

Q.41

Q.42

— 3(=111 —99) + 4(8 + 66) —13(~24 +22) =0
— —331 - 297+ 324 + 264+ 312-286=0

= -1-583+576=0=> 1A =-7
()

121 3 2 1
D=2 3 1/=0D,=[3 3 1|0
35 2 15 2

= Given system, does not have any solution.
= No solution

©)
For the given set of equation, by Cramer'sRule

b 7 3 -5 2 3 -5
X:FX: 6 1 1(+/1 1 1
1 4 2| |3 4 2

©)

It has anon-zero solution if

1 k -
3 k- =0= 6k+6=0=k=1
1 -3 1

2

The given system of homogeneous equations has

1 4 -

A=|3 -4 -1=1-4-3)-43B+D)-1-9+4)
1 -3

=-7-16+5#0

There existsonly onetrivial solution.

Q)
It is based on fundamental concept

@
For the equation to be inconsistent D =0

1 2 -3
D=| 0 O k+3|=0=>k=-3 and
2k+1 0 1
1 2 -3
D,=({3 0 0(=0
00 1

So that systemisinconsistent for k = —3.
@

Given system of equation can be written as

Mut Cer COMPENDIUM
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Q.43

Q.44

Q1

Q.2

1 1 17x 2
3 -1 2| yl=| 6
3 1 1|z |-18

On solving the above system we get the unique

Determinants

= -(X—-4)(X-5+2(x—3)(x-5—-(x-3)
= —X?+9x—20+2x*-16x +30—x*+7x-12=0
—-32+30=0=-2=0

Which is not possible, hence no value of x satisfies

(93 ution  x=-10,y=-4,z=16. the given condition.
1 a0 Q3 _(a)
0 1 a|l=0=>1+a(@)=0=a’=-1=a=-1. Since, -1 <x<0
a 01 S X=-1
@ 0<z<1 . [y]=1
Put thevalue (x,y,2)=(12,-1), which satisfies the 1<z<2 - [7=1
equation. Hence, (d) iscorrect.
0 21
EXERCISE-II (JEE MAIN LEVEL) - Givendeterminant = |-1 1 1}=1=[7]
-1 0 2
@
8= 45 Q4 @
2 .4 Q5 (@
A= AT = Ay Q6 (4
Q.7 (Bonus)
Ag= Ao =AY Q8 (1
) 6 Q9 ?3)
A= A= Ay Q10 (@
_ A2 3w 2u® 1
and soon A = Ao Ans. 2 23 1 o
3w? 2wd 1
(d)
The given determinant vanishes, i.e., R,->R,-R, and R,»>R,—-R,
2 2 3 3
1 X_3 (X_3)2 u2 —V2 U3 _V3 O
o [VimwS ovi-wt 0y
1 x-4 (x-4)%=0 w? wioo1
1 x-5 (x-5)°
u+v  u*+vi+vu 0
viw  view?evw 0| _g
Expanding along C,, we get w? w? 1
(x—=4)(x-5)° = (x=5)(x —4)* — {(x - 3)(x ~5)’ R,—>R,-R,
~(x=5)(x=3)’} + (x ~3)(x—4)* u-w (U2 -w?)+v(u-w) 0
2 2
—(x—4)(x-3)2=0 iy Vw90 o
= (X—4)(X-5)(Xx-5-x+4)
—(X—3)(X—5)(X—5—X+3) 1 U+ w+V 0
+(X=3)(Xx—-4)(X-4-x+3)=0 viw  viewZevw 0| _g
w? w3 1
= (VZ+wW2+vw)—(V+w)[(v+w)+u] =0
MATHEMATICS 59



Determinants

Qu

Q.12

Q.13

= VZ+w2+vw=(V+w)Z+u(v+w)

= uw+vw+wu=0Ans

&)

Consider thedet. B, usingR; - R, +R, + R,

a+p+x b+q+y c+r+z
B=2| a+X b+y c+z
a+p b+q C+r
using R,»>R,-R;, and R,—>R;—-R;
a+p+x b+g+y c+r+z
=2/ -p -q —r
—X -y -z

using R, >R, +R, + R,
B=2det.A=2-6=12
@

let A bethe 1% term and R the common ratio of
GP,then

a=T, = AR
~.loga=Ilog A+(p-1)logR
Similarly,logb=logA +(g-1) logR
Andlogc=lagA + (r-1) log R

log A+ (p-DlogR pl
~A=llogA+(g-1)logRql

log A+ (r-2)logRr
Split into two determinants and in the first

TakelogA common and in the second take
Log R common

1p p-1p
A =log Allgql|+logR|g-1q1
1rl r-1rl

Apply C, = C, = C;in the second

Op

A=0+logR|0gl{=0
Or

@

R, > 100R +10R, + R,

A68 |A 6 8
= 8B6/=|8 B 6
88C| |A88 6BC 86C

Q.14

Q.15
Q.16
Q.17
Q.18
Q.19
Q.20
Q.21
Q.22
Q.23

Q.24

Whichisdivisible by 72.
©

p gq-y r-z
p-x q r—-2=0

p-x gq-y

Apply R, > R, -R; and R, > R, —R;,weget

X 0 -z
0 y -z=0
p-x q-y I
[Expansion along first row]
_ P, r_
= XYr +2Xq+ YyZP=2XyZ2=> —+—+—=2
X vy z

@
@
4
@
©)
4
(©)
©)
@

-1 2 1
34242 2+242 1
3-2v2 2-2y2 1]
ApplyingR,->R,-R & R, > R,—R,
-1 2 1]
=[4+2/2 2V2 0|=1(-8J2 -8 g5 +8)=
4-22 242 0]

1642

So absolute valueis 16./2

S

a, B,y arerootsof x3+ px+q=0

a By
. a+B+y=0OHere|P 7 ©
voo B
ApplyingC, - C,+C,+C,
1B
(a+p+y) |1 T * =0
1l a B
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Q.25

Q)

Determinants

cos(0+¢) —sin(0+¢) cos2¢

_ - sin® coso sin
(@ +a™)’ (a*-a™)’ 1 —cosf sin cosﬂ))
(b +b™Y)? *-b7Y)? 1
(c?+c?)? (c®-c?)? 1 cos(0 +¢) —sin(0+¢) cos2¢
_ 1 o : .2
ApplyingC, > C,~C, —m SinBsing  sinpcos®  sin“P
—C00cosp  sinBcosd cos2¢
4 @ -aX)? 1 _
4 (by—b‘y)z 1| _g ApplyingR, > R, +R,+R,
4 (c*-c?)? 1 1 0 0 2c0s? §
——— | sn@sing singcosd sinZ¢
Q26 (2 SINGCOSO|_cnshcosh sinBcoshp  cos? o
Taking two common, applyingC, — C, +C,+C,
0 0 2cos?
2 +b+c) c+a a+bh =| sin® cos®  Sind |=2cos¥) (sin’0 + cos0)
=|2a;+b,+Cy) C+a a+b, —cos® sin®  cosd
2(az+by+cy) cg+ay ag+hby
) =2cos
Applying C,—»C,-C, & C;—»C,-C,
, a1+[g)1+01 —tt)>1 s Q29 (2
_ _ sinfcos¢ sinBsing cosO
3 +by+C; by G — |cosBcosp cosOsing —sinb| . A=
ApplyingC, — C, +C,+C, —sin@sing sin6coso o |’
a b ¢ ;
_ola b, o cosd s!ncb coto
a; by ¢ sin?0 cosH |cosp sing —tand
-sing cosp O
Q.27 (3 .
ApplyingR, - R, —R,
X  X+y X+y+2Z
A=[2X 5Xx+2y T7x+5y+27 =-16 . COC,)S si(n) cot_etgggne
3X 7x+3y 9X+7y+3z A =sin? 6coso —sin¢<|> cosdc|)> 0
ApplyingR,—»R,-2R & R,—R,-3R, A=sno
X X+Y X+y+z
0 3y 5 y3 Q30 (2
A= X X+3Y! - _16 Expand thedeterminant using first row and usex —y =
0 4x 6x+4y A,y-z=Bandz-x=C
ApplyingR, - R,—R, = A+B+C=0
Q31 @
X X+Yy X+y+z sn® —cosd A+l
0 3x b5x+3y|l=—16 For nontrivial solution [cos® sin0O —-A | =0
0 x X+y A A+1 cosO
ApplyingR, - R,—3R, ;thisgives2cosd (A2 +A+1)=0
Q32 @
X X+Yy X+y+z For non trivial solution
0 0 2X 1=-16 = -2x(x*~0)=-16 1  —cos® cos20
0 x X+Yy —c0os0 1 —cosO| =o
—=x3=8 = x=2 cos20 —cos6 1
usin C,—»C,-C
Q28 (9 ? o
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Determinants

Q.33

Q.34
Q.35
Q.36
Q.37

Q1

2sin’0  —cos® cos20
0 1 —cosO| =0 -
—-2€in®0 -cos® 1
1 -cosO cos20
2sin?0| 0 1 —cosO| =0
-1 -cos6 1
sin20=0

or 1[1—cos?0] — 1[cos?0 — cos 26]
Sin%0 —[cos?0 — (cos?0 —sin20)]
sin?0 —sin0 =0

hence D=0V 6eR

= @

(b)
-a 1 1

A=| 1 -b 1 |=0 fornon-zerosolution
1 1 -c

= abc—a-b-c-2=0
=abc=a+b+c+2

1 1 1
+ +
"1+a 1+b 1+c

3+2(a+b+c)+(ab+bc+ac)
~ 1+(a+b+c)+(ab+bc+ac)+abc

Now,

3+2(a+b+c)+(ab+bc+ac) 1
T 1+2(a+b+c)+2ab+bct+ac
@)
€)

(4
@

1 -2 1
D=|2 1 —2|whichvanishes
1 3 -3
hence for atleast one solutionD, =D, =D,=0
a -2 1
~ D;=|b 1 -2|=0 = a—-b+c=0
c 3 -3
Ans.
EXERCISE-III
0003
1 o o l+o*+e° o o
o® 1 oY=l+e*+0* 1 o
o o 1| l+o*+e® o 1
(C,»C+C,+C)

Q.2

Q3

Q4

2+0° 1 o
=2+0 1 o (s0’=10"=wn)
0 o
2+0° 1 o
- 03—0032 0 o)—lco2 (R,»R,-R))
)

= (2+c02)(—(02+0)3)—(c0—(s)2)(1—c03)
:(2+w2)(1—w2) =20’ -
=2-(0’+0)=2-(-1)=3

(0002)

Applying C, > C,+C,+C,

1 (1+b2)x (1+C2)X
f(x)=L 1+b* 1+ cz)x
1 (1+ bz)x 1+c3x

(v @ +b*+c°+2=0)
Operating R, > R,-R, and R; > R, -R;

1 (1+ bz)x (1+cz)x
=0 1-x 0" |=(1-x)
0 0 1-x

Hencedegreeof f(x) =2
(-2

For no solution or infinitely many solutions
o 1

1 o =0=a=lLa=-2
1 1 «o

Butfor a =1, clearly thereareinfinitely many solutions

and when we put oo = -2 in given system of
equations and adding them together
L.H.S.#R.H.S.= Nosolution

(0000)
|Og a'n |Og an+1 Iog a‘n+2
A= |Og a'n+3 |Og an+4 |Og a‘n+5

logan+6 logan+7 Iogan+8
aaa,...... aeinGP.

Thenrele &+l _a,+2
a &, &+l

logr =log(a, +1)—loga, =log(a, +2)—-log(a, +1)

Operating C, > C,-C, and C, »C,-C,

loga, logr logr
loga,,, logr logr
loga,,, logr logr

A: =O
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Q5

0001

Determinants

. . . PREVIOUS YEAR'S
SINX+2C0SX SINX+2C0SX SiNX+ 2C0SX
COSX sinx CoSX =
COSX COSX sinx MHT CET
. Q1 (@
using (R, >R, +R, +R;) 02 @
1 0 0 Q.3 ®
= |cosx SiNX —cosx 0 |(sinx+2cosx)=0 Q4 (3
CoSX 0 SinX —cosx Q5 @)
. Q6 @
using (C, »C,-C;) and C,—C,-C, Q7 @)
.8 1
=(sinx—cosx)2(sinx+2cosx)=O Q @
2 2
= sinx = cosx, because sinx+2cosx # 0; (¥ +a™) (o*—o™)
= only one solution. (BX+B—X)2 (Bx_fo)Z
Q6  (0000) Given, , ,
1 a bd |1 a bc (rer) (=)
1 b ca=0 b-a c(a-b) )
1 c ab [0 c-b a(b-c) ApplyingC, - C,-C,,
~1[a(b—c)(b—a)—c(a-b)(c—b)] 4 (o —o) 1 (o —a™)
(b—c)(b-a)(a-c) 4 (p-p>) U=4p (p-p*) 1=0
—b)(b- — x\2 x\2
(a-b)(b-c)(c-a) 4 (=) L ()
1 a &
Agan|l b b?=(a-b)(b—c)(c-a)
1 ¢c ¢ Qs (@
So the given differenceisO. Xx+a b c
Wehave, | ¢ x+b a
Q7 ool a b x+c
1 k 3 ;
Cofficientdet= 0= [3 k -2/=0 ApplyingC, - C, +C,+C,
2 3 4 Xx+a+b+c b c
= (—4k +6) —k(-12+4)+3(9-2k) =0 x+a+b+c x+b a |=0
— — 4K +6+12k — 4k + 27 -6k = 0 x+atb+c b x+¢
=-2k+33=0 1 b c
2K =33 =(x+a+b+c) [l x+b a |=0
2K 1 1 b x+c
33 ApplyingR,—» R,—R, andR,—R,,
Q8 0002 1b c
Let o =s—a,p=s-b,y=s-c (x+a+b+c)|0 x a-c[=0
then determinant 00 x
+a+b+c)(x2-0)=0
e S, = et
- p? (v +01)? B2 |=20By(a+p+y)? = x=0orx=—(a+b+¢)
2 2 o+
Y Y (o+P) 010 @
(standard determinant)
=2(s-a)(s-b)(s-0)s’ =>k=2.
MATHEMATICS 63




Determinants

6 -3 1

4 -1 -Y=x+iy
20 i i

= -3

= Xx+iy=0
identical]
~ x=0,y=0

[-C,and C, are

JEE-MAIN

Q1

Q.2

Q3

(38

2X—3y=y+5
oaX+5y=p+1

For « many solution,

2_—_3_y+5

a 5 PB+1

-10
o= —5"

3
9a=-30

—3B-3=5y+25
Sy+3p=-28

2|90+ 3B + 5y =

9><_—10+(—28)‘= 1-30—
3
28| = |-58| = 58

@

The plane represented by the equation’s interest each
other aline

X+4y+dz—k=p(2x+y—z-7) +q(x—3y +2z-1)

X +4y + 62—k = (2p + q)x +(p—-3q)y—(p + 20)

z-7pq

By comparing

2p+q=1
p—3q=4
p=1
q=-1
d+k
=6-3=3
2

For inconsistent system of equation value of
determinant formed by coefficients must be equal to
zero.

d=—p+2q
k=7p+q

=6p+3q

1 1

det=0/% 200 =0

1 3o

Solving 1(10c.—9a) — 1(50. — 3) + 1(30>—2a) =0
o—50+3+30?>-20=0
230~30+3=0
3o (0-1) -3(0—-1) =0

Q4

Q5

(a—1) (30—3)=0

3(0—1)?>=0 o=l
But for inconsistent or no solution, at least one form
A or A must be not equal to zero.

1 11
Ax=|-1 2
4 3 5
A=1(10-9)-1(-5-12) + 1(-3-9)
A=1+17-11
~ A#0
. for a=1 system isinconsistent
Hence ansis option (B)

(8]

A[%,«/ﬁj,fno

-3
imageof Aw.r.t. y-axisis B(ﬁ,«/a]
-3
image of B wrt x-axisis C(ﬁ,—x/aj

point D is (3 cosb, asinb)isin fourth quadrant

3Ja  Ja 1
AACD = % -3/[Ja —Ja 1
3cosO asin® 1

apply R >R +R,
0 0 2

1 3

AACD==|-— —Ja 1

2| Ja
3cosO® asinf® 1

AACD = ‘—3\/53in6+3x/gcose‘
= 3\/§|cose —sin|
=max. area = 3,/2./a = 3J/2a

Givenmax. area= 12
~3/2Ja=12
V2/a=4
Ja=2y2=a=8

©)

11 a
A=13 1 1]

10 2
=1(2-0)—1(6-1) + a(0-1)

Mut Cer COMPENDIUM
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Determinants

=2-5-qa A=A =A=A=0
21 « a 1
A =14 1 1|=2(2-0)-1(8-1)+a[0-1) 1 23_,
10 2 1 3
=4-7-0 =0 (10-9)-1(5-3)+13-2)=0 = a=1
=-3-a A=0
12 «a 511
A=13 4 1]=1(8-1)-2(6-1) +a(3-4) 423 _,
11 2 B 3 5
=7-10-a = 5-1(20 -3p) + (12-2B)=0
112 =B=3
A:|3 1 4|:—3—q
z 9 4
101 Q @
=1(1-0)-1(3-4) +2(0-1) 121
—1+1-2=0 A='2 3 -1
-2 1 2
. _Ax Ay _AZ
SX= A y:X = A =(6+1) -2 ((2o—a) + 1 (. + 3t)
x=1 y=1 z=0 i;;zz(();+4a
xy.2=(1,10) - .
a 1 1 A=0:>0L=—§
Now, |1 o 1|=0
1 -11 2 21
A = 3 -1
a(a+1)—1(0)+ 1 (~1-o)=0 e
= o?+o-1-a=0 o 12
a=%*1 =14+ 20
S+ =2 oa=-X,=7
-7
Q6 @ =14+2 (7)
-k 3 -1
A #0
A=|-15 4 —k|#0 Q.10 (14
-4 1 3 14 18 -14
k2#121 = k=—11,11 Adi(AdjA)=|-14 14 28
28 -14 14
Q7 [
AZ_[Z —2}(2 —2]_(2 —2]_A 14 28 -14
1 -1 1) (1 2 IAdj(Adj A)| = |-14 14 28|= 14x14x14
(1 21 2) (42 28 -14 14
%=1 2l 2)7| 2)7P
- - B 1 2 -1
= A & B areidempotent 1 1 2
Now, nA"+mB™=nA+mB =1 2 1 1

whichgivesm=n=1
Only one set possible (14)43-2(-5)-1(-1)]=(14)*[14]=[14]*

Q8 (3 A (AdIA) = [ (122
For infinitely many solutions {~IAdi(AdA) = |A [}
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Qu

Q.12

Q.13

Q.14

AP =(14)*= |A|=14

3

AB=I

ledj (Badi (2A))| = [Badj (2A)F
= [BF [adj(2A)F

= [BF (RAF)* = BF (Z°1AF)?

1
IAI=§ and|AB|=1=|A||B|=1

1
= glBF1L Q.15
= |B|=8
. 1)*
Required value= 82 x 212. (gj =64
&)
|adi (24A)| =|ad 3(adj 2A)|
= [24%ad(A)] = [acl (3% 2* (e (A)))
16
= (24)°|A =12 A Q
24
=laf=(2) =@ = o
12
©)
3 21
5 8 9|=0
2 1 a
3(-8a-9) + 2(5a-18) + 1(21)=0
=a=-3
3 2 b[”?®
Also, A,=|5 8 3
2 1 -1
b =
"3
A, =0
. 1
for no solution b must be equal to 73
@
> 3 1 Q.17
1 1 1(=0
1 -1 |A]

= A=T=A=17

System:

2X+3y—z=-2 - (D)
X+y+z=4 (2
X=y+|Alz=4r-4 (3

Eliminatingy fromeq. (1) & (2) wegetx +4z=14

2)+@) = x+£|“2+ljz -2
Clearly for A =—7, systemisinconsistent

@

|(det(A))adj (Sadj (A%)]
= [2adj(5adj(A%)]

= 2’ladj (Sadj (A%)]

2 - |5adj(A%)F
2(5%edj (A%))?
=2°-5° [adj(A)F
=2°-5°((AP)??
=23, 56, 12— D15 x 6

=2°x10°
=512 x10°
@
For no solution
3sn30 -1 1
A=|3cos20 4 3=0
6 7 7

3sin30(7) + 1(21cos20-18) +1 (21 cos20—-24) =0
21[sin30 + 2cos20] =42

sin30 + 2c0s20 = 2

3sin0—4sin30 +2—-4sin?0=2

4sin®0 +4sin’0—-3sin0=0
Sin0=0&4sinP0+4sin+1=4

sn0=0& (2sind +1)?=4

0e{m, 2r,3r} 2sn0+1=2or2sin0+1=-2

Sine—lorsine——
2 2

o (™ 5n Lon 17
6 6

u — 1 Nosol
5’ 5’ Nosol.
2 11
A,=13 4 3=A,%0
9 7 7
=3(7)+1(-6) + 1(-15) =0
Hencetotal 7 values of 0 are possible

and

)
X+y+z=6..()
2X+5y+az=f
X+2y+3z=14
X+y=6-2

(N
)
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X+2y=14-3z

On solving
X=z-2=>y=8-2zin(2)
2(z—-2)+5(8-22) +az=p
(0—8)z=p—-36

For having infinite solutions
a—-8=0&B-36=0
a=8,p=36(c+p=44)

Q18 (@
pt (p+D! (p+2)!
A=|(p+D! (p+2)! (p+3)!
p+2)! (p+3)! (p+4)!
1 1 1
A=pl(p+D!(p+2) p+1 p+2 p+3
(P+2(p+1D) (P+3Y(p+2) (p+4)(P+3)
A=2p! (p+1)!(p+2)!
Whichisdivisibleby P* & (P+2)?
SLa=3,p=1
Q19 @
8x+y+4z=-=2
X+y+z:0
AX=3y+0-z=p
-2 1
A,=|0 1 1/=0
p -3 0
=(=2)(3)-1(-) +4(+1) =0
=6-3u=0=>pu=-2
A=0
8 1
1 1 13=0
A -3 0
=8(3)-1(0-A) +4(-3-21)=0
=12-3L=0=A=4
o
2
] ~ 32-2-2+2/ 30 _10
Distance= —J8—1 9 3
Q20 @
Leta=22—)|
2 -3 5
D=1 3 -1=0
3 -1 «
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2(30—1) + 3(0. + 3) + 5(-1-9) =0
6o.—2+30+9-50=0

90.=43
9++/81+1548
LR 9N -48=0= A= ——————
18
9+40.3 .
L= 18 (-)vevaueregjected
.. 2vauesof A




